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ABSTRACT

The Llewellyn relativistic coefficients have beex;l solved in the raﬁge
v('?)'/zC < 21~ , corresponding to 2.115 x 105 volts. These results are applied
to high-frequency spaée-char‘ge-limited diodes and to klystrons in which
space-charge effects are not considered. In such klystrons, the range can
be extended without limit. v

The current and velocity modulation and the diode impedance are
derived for high-frequency space-charge-limited diodes. Here the maximum
diode resistance at 2.115 x 10° volts chariAge'é only 0.3 per ‘;én.t‘ i_z'l‘c.qrhlpa-ri'son
to thé honrelativistic case.. | o |

For the klystron case, velocity modulation a;1;1d beam-,l_oéding admit- -
tance are calculated at the first gap and are fou.nd to chanée .frqm fhe .nor}-.
relativistic case by a large .amount. The current aﬁd velocity bghaviér ix‘1
the drift region are derived, aﬁd the transadmiétan;e_for the kl'ys_tr-oﬂ‘is: a;lso
given. |

It is concluded that the relativistic effect i_s,sn-'la‘ll. for high-frequency

space-charge-limited diodes, but significant for klystron tubesﬁl

-vije




I. INTRODUCTION

3

Llewellyn solved the parallel-plane problem by a continuous in-
tegration procedurev and applied it to tubes. R.ydbeck3 got the same results
later by the space-charge wave approach. Then Ol‘ving‘4 modified it for
the relativistic expressions for a-c quantities, such as the electronic field,
the electronic velocity, and the conduction current density. He introduced
the wave potential m to simplify the expressions. The details of Olving's
work are given in Appendix A.

It is inevitable that modern microwave electronics will be directed
toward'-high-powef ‘devices, thus requiring knowledge of ti;eir relativistic
behavior. In the following analysis, it is assumed that the electron motion
is in the axial direction only; in othel; words, the longitudinal magnetic field
is so strong that transverse motion of the beam electronics may be consid-
ere,d negligible., Although this magnetic force is rather important at high
velioci.ty, we are not going to .concern ourselves with it in this study. In
addition, small-signal conditions are assumed to hold throughout.

The framework of this thesis is to solve for the wave potential =
first under the assumption vg/c2 < -;-, then derive the Llewelly.n relativ-
istic coefficient sets by the various relativistic a-c expressions that
formed the basis of "wave theory.'" Then in Chapter IV we apply these
general expressions,to the following special problems: (1) space-charge-
limited diode with high voltage, and (2) the relativistic klyétr'on gap, and

then study the behavior of impedance, beam loading admittanée, and velocity

and current modulations. The evaluation of m in Chapter III is under the




assumption vz/c2 << 0.5, corresponding to 2,115 x ‘1‘05 volts but in the
application of klystron gaps we can extend it without limit as is done in

Chapter V,

-2




II. SUMMARY OF IMPORTANT FORMULAS

In this chapter, the important formulas are summarized. The

details of the derivations will be given in Appendix A.

A. Important A-C Relations

Important a-c relations such as conduction current, electric field,

velocity, and applied voltage between the gaps are expressed as follows: .

2 ‘
P 0 ‘ z
io= -2 i L ‘ (1) |
1 b2 ;
e ;
Lo 1 | 1
1= Toe Ue -1y jwe (2)
(o)
_ 1 e -j0
Vi T jwe me °© (3)
[e) [o]

d
El -8
Vc= fEldz=[_de= eJ m db
’ e
(o]
‘ BZ‘ eo
= P -J8 z
= Twe lcd -Tf e w dé s (4)
o P

e o

where d is the distance between the electrodes, and 60 is the correspond-
d
ing d-c transit angle f ﬁ‘e dz , and
o




o) d
‘ . T de _
9 =fpe '-dz ) y . re = [ d‘z - d
: o: °
where
5 3/2
f .. jo 'Ko ‘ :
T = (cl-_]1ce ) ‘1--—2‘ d9+cZ . (5)
Pe :

The inteération constants c, and c, areto be determined from the a-c

1

boundary conditions of the velocity and conduction current.

B. Important D-C-Relations 203/2
. K
In order to solve Equation (5), one has to -express (1l - —2-9 as
Pe

a function of 6 from d-c relations. The energy relation in the relativistic

region will be

c = eV ,
or —
1 v
, 6
2\1/2 v ©
N o n
- =
, BS

where V is the potential difference and V-n =m cZ/e =5.11 x 1‘05 volts.

This can aiéo be reduced to

1
Pe L [ev v )]V
-4 | & | .M
KZ 1/2 o | Vn 2V,
1 - -2
?




Another important d-c relation in Equation (A. 22) is

e l b
‘ 2
d° P P
de? 2V/2 ] 83
1 - 21} ‘
[32 ﬁ
e :
Since
2
ﬁp _ -et
=3 2 ’
ﬁe myeoY
then
3 eJ
Y] = o
v3 m e w3‘
o]

is independent of v, and z . After Equation (A.22) is integrated twice,
apply the Boundary conditions of Equation (7), i.e., at 6 = 90 , V= Vﬂb

andat 6=0, V= Vazfj

1
— 2 1/2
e = ﬂp gv(e-e)+ ! ‘-—va1+-—-—vb"“
KZ1/2 BT 2 ) K_o’ v, v,
e .
o]
1 - —
B2

v 2v, V. A

2v v \11/2| [2v v \]}/2
|2 é +_ 2 L + _Kl_. 2+ 21
n ‘ veo O ‘

Denote the right side of above relation by S(9) , and then rearrange it:

1
Be | 2 o
21/2 = S(6) = A6~ + B6 + D . (8)
K\
1 - — |
pZ
\ (o]




This relation will be used often in later chapters. In Equation (8)

2
1 ﬁ-p
A = 5 =3 (9)
2 pe
27, 1/2 2V v 1/2 - 5-2
Lo 1+ b d=2(1+52] V.12 g2
K\, 2v,_ )| A ZVn,J‘; 2 g3 o
e
B = s
e
o
(10)
1 Zva va 1/2
D = —— | == |14 o . (11)
Ko iV, 2V,
21/2
From Equation (8) , we can solve 1/{5e and (1 - —2o in terms of S :
p .
1 S
= , 12
B, > 172 (12)
(1 + KO‘IS-)
1/2 .
K, !
1l = — = (13)‘
2 1/2
Pe (1 + KZ s?‘) /

Since S is a knowrzx function of 6, it would now be possible to
Kg

: 1/2
-eliminate pe and ( - —2—> from our a-c expressions by the use of

fe
Equations (12) and {(13). And finally we have

o, o,
fé__f dae . (14)
1/2

P 5 (1+KZSZ)/'

-6-
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III. EVALUATION OF WAVE POTENTIAL n AND LLEWELLYN'S
RELATIVISTIC COEFFICIENTS

In order to get the complete set of Lle\:véllyn coefficients with the
first-order relativistic correction, we ha:ve to solve for the wave potential |
w first, which is essentially a current dimension. The derivation of the
nonrelativistic Llewellyn's coefficients using this wave potential 7 is

given in Appendix B. For the relativistic case

3/2

‘ 2
o 0y Ko ‘
T = (c,1 -jie y [1 - -‘;7 de + c; - (5)

the integral will be reduced to

E ]
1]

TR L
f(cl ji e ) de+cz

i, Ji ed®
= cle ie c, - : {15),
This is the nonrelativistic wave poten3t/i%1 as given in Appendix B.
[ K2 Ve '
But when the factor |1 - _.;. ‘ is present in the integral, it is
A B2 |

. ‘ e A
more difficult to integrate than the nonrelativistic case. Since by Equation (13)

\1/2
x2\
1- =3 = 1
‘ 1/2
Pe (‘1‘ +‘-K§SZ) /




where S is given by Equation (8), then

1/2
K2\
f-—1] =

If the condition K(Z)/Di < 0,5 is assumed, the preceding equation may be ex-

panded by binomial theorem since KC‘Z)'SZ‘ <1 as Ki/ﬁi < 0.5. This limita-

tion of velocity corresponds to 2.115 x 105 v. Now, we should bear in mind
5

that the coefficients we are going to derive are valid up to 2.115 x 107 v, but

that the correction factor of relativistic effect is only of first order:
3/2

él"]lceé) l-—Z- d9+cZ
A Pe

. 3/2
.. _j© 2.2
fél'ﬁce ) (1+KS> d9+c2
.. _jo 3 .,2.2
f(cl i e ) Q -2 KsY) @+,

Substituting S = AGZ +.B6 + D in the previous equation gives

E ]
|

5 3
o= ¢ 6-i e]e--Z-KZ [AZ%_ +§E§e4+(3 +2AD)e—+BDGZ+D29] +e

1 2

K2 {JA 0%el®s (4a2. 2aB)0%e %+ [j124% 1 6AB - j(B%+ 24D)) 92ei®

+33
12
+ [24A + j12AB + 2(B® + 2AD) - JZBD)] o i®

+ [-j244% - 12aB + 2j(B® + 2AD) + 2BD - jD’| eJe}

3 .2 3 2
-E.KoclsA+c2+JzKo1cT , (16)

= ¢,0-1i e‘]e
1 c




bt g 2 T o

s P s i e e

5 63
5, = 35_ ‘ATBB4+(B +2AD)—-‘+BD6 +D% , (17)

A
{ ia2e?ei®(4a% . j2am)03e® 4 [i12a% +6aB - i(B% +24D)| 02 38

+ [-24a% + j12aB + 2(8% + 24D) - 2BD] 0.ei®

+ [--1,24A2‘

- 12AB + 2§(B% + 2AD) + 2BD - jDZ] .eJe} (18

Reéwrite Equations (1) and (3) as

2
B R
i = B % g (1)
1 ﬁz
e
and :
d(i)
v - . 1 e dm - 1 Pe
1 Jwe m® d5 1
FSe
e
I S Y (TR L 1'+1&<Z-sz')m3/2 R Pe) (3)
Jwe . m _w |1 c o~ 1 do !
. e
where
1 S

e o))

by Equation (12), and

1
d-B— das
(e) _ a8
dae T 3/2 ’
(1+K sz)/ .
with
-0, i.1=11a" VI =Va pe=‘5eo' ﬁp=l3'ip~o )




where i
la

Then we solve for the constants 'cl and c,:

is the initial a-c¢ conduction current, and vla is the velocity.

2,
B . .
. eo . ; 3.2, |onl I ) _
c, = 5—2_ La + i + -2-».K° i [(Z.B +4AD - D~ - 24A) +j(12AB --Z-BD)]
,po .
ﬂz
€0 3.2,
= Eé— 11a+1c+fKo i Q , (19)
where
Q= (2B% + 4AD - D - 24a%) +j(12AB - 2BD) (20)
and
wemw T, 53/2 B2 & /2.
clz-j_l_m(l+KD) v +ﬁ+J£—P+KD) ,
e o la c [3
(21)
where
1 -1 S D
— T e, = . e . (22)
B 1/2 1/2
co  Pe U-+Kzsz) (1+K§D2)/
60 6 —+0
hence
2 3 3
p-eo _ ﬁeo | o€ o” . D (23)
2 a2 B eJ 1/2 . '
p'po‘ ppo eo e (1 +K2 DZ)

- Substitute él » €y into m, and rearrange Equations (1), and (3) , then

i, =i € ._Tg 1 11 -1+ K [Q+J(T S )] -_]Ge']e
1 cm_ e Vo (jw)z 2 o A . |
. -1/2
, @ _-j8 wern2y 3. 2

-10-




3,
--jvl‘—— (1+K D)

(9 'fKo SA) e

(24)

M st 4t AL Gl TR M S A

-3/2 | . 1/2
v =i, = 1+ KZs® (1 - e%) . 2204P (1+KZSZ)
c m e z
oo {(jw)
{1 - [1 + EKZ (@+§T - sA)] 9 je e'ﬂe}
. 3/2 1/2¢ ‘ al
;o Jw e 2.2 n 2AB+B (. . 2 Z.) D
A, (1S ) B- o5 (14 s ——175 (G-EKOSA
[ 2.2
14K D°) . ]
0 -y 2.2)73/2 2404B), , 2.2 2
¥v), J(1+K (1+KS) [1 (i Ks) (e- KSA)
(25)
The a-c voltage across the gap should be
d eo El
s fmes [
) o €
Rewrite Equation (2) as
2
E, = o (@ -i,) —— (i pp e® o (2)
1 T Jee Ve "M Joe c 2 ’
o o ﬁ_e _J
then integrate and arrange it:
el -j0 -j®
— 1 .\ 3 o o in . o\
VC = i — (jw) d+e o [(2 - 2e - _]90 - Jeo.e )
e (jw) ‘ o
o
.38, -8 1l
3.2 o
- 2K (e °. 1 (Q- N+M)+J-2-KOP(1+e )]

-11-




_Je

2 -jo, -1 -jo, - s
v~ [B{liee” Cre 0.1 + 3k [(M-N-jpre Omfy iy Rle 1)
la ("w)3 o 2 1 : 4 2 /2]
€, (1+xip?
[o] 4
I 3/2 o -jo -j8
vy, =2 = (1 +K2p2> [(jee O4e’ °-1)+3K,2((M-N-jp)e °-M)] ,
a e ;.2 o (3 2 o
o (juw)
(26)
where )
BT 2 y 2y
M = [-24A - j12AB # 2(B“ + 2AD) + j2BD - D ] , (27)
N = a%e’+ 2aB0> + [-12A2~+«(B‘2 +24D)] 6 +(-12AB+2BD)o_ , (28)
2 r 2 '
A% 5 _AB 4 2 (B® +2aD)] .3 , 2
P o= 5 00+836%. [—4A ___3___] 6> - (6AB - BD)o”
- [—-24A2 + 2(B% + 24D) - DZ] o, (29)
2 2 2
Q = (2B%+4AD - D° - 24a%) + j(124B - 2BD) . (20)

" Equations (24), (25), and {27) are analogous to the results of Llewellyn
(with a slight relativistic correction) and express current density modula-
tion, velocity modulation, and applied a-c voltage. Amplitudes and phases
at'any point in the gap are in terias of total current ic , initial a-c conduc-
tion current and initial a-c velocity value.

If we write Equations (24), (25), and (27) in the following form;

"V = A*i +B%i, + Ckv ,
c C la la
= D% i * i *
vy D i + E i, + F Yia , (30)
i = L I %k i £
i G i + H 1. + 1 Via R

then A%, B%, C¥, D*,6 E%, F*, G%, H¥%, I* are so-called relativistic
Llewellyn's coefficients which have been explicitly expressed in Equations

(24), (25), and (26).

-12-
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Now, in order to compare Llewellyn's relativistic coefficients and
nonrelativistic coefficients given in Appendix B, we have the following

|
flow ché,rts:

L[ eJ e -8y -0\
AX = —— (Jw)‘3d+€ 2 [(Z-Ze °.jo-je ° _;Kz( )(’Q-N+M),
o]

¢ Lot ° °
E VAR
- +i 2K P(l te °)] , (31)
N 1 eJ L) -_]90 '
A¥ = - (Jw) d— [z 2e °.j0_-j0_ e ] , (32)
(Jw) €™ ’
2 -j8 -j8 -jé
¥ W ¥ o o 3 o
Bl‘el --E—G‘;)—T B[Jeoe +e -I:I -2— [(M N JP)e -M)]
-jo
. D'(e 0-1) “
B . . S , 33
T 2 /e B
(1 +K°D )
o
, -j8_ -je -j8
; _ 1 . % o ) .. o \] ‘
Bon = (2l e e ()]
3/2 jo -j‘e -j® '
* (o] 2 Z O [e]
Cle =~ o (MZ (1+K D ) [(Jeoe e 1) 7K (M N-jP)e -M} |
(35)
. J -jo -je
* )
Chon = - _ (JG e %+e °. 1) , ~ (36)
€ (Jw)z ,

-13.




-3/2 .
* 1 2.2 -j0
Die1™- (w)z m < ( KoS ) ““l-e )
, 1/2 1 A |
2A0+B 2.2/ -je
] 1+K%s%) " {1-[t +3 K% (Q+j ] 0% |, (37
3 (1 +x557) {[zo(Q T-S4))e Je} (37)
* ‘ a_ i
D= .-—t__°_ [(g-.e )- (1-¢%_jo eJe)J , (38)
non . 2 I € ‘
(jw) oo Vo
o -3/2 o, 1/2 )
B* [ =2 99, k262 B.2AS+B (1+KZSZ: D (6-3K%s,\),
rel I o] ] o 2 _al/2 2 o Al
(1+»K D ) ;
: [o]
(39)
a T .
* € 1 o .n -J0 :
E¥ - -1 jee , (40)
non m e (j) 2 Zvo
23/ 2 ‘
F¥ = 'J°(1+K D 1+KZSZ) [1 ZAD+B (1+K;SZ) (B-—K S ;
rel ~ t S ‘ o 2
(41)
a T .
F¥ = (1 ] L) L (42)
non v_ ]
| ° '
%
| . J . N
x _ e o 1 3.2 -j8 _
Glel “ma— v — [1-(1+3K [a+itr- sA)] 190698 | | (43
‘ o0 o (jw)
* __e o 1 0 98 (44)
non m € V_ . .2
o0 o (jw)
-1/2
* w 3 2 ‘
H = e [ (1+K ) + B(e-z.xo -sA)] , (45)
| ; -
* : -
H = l1.4.8 22 0 (46) ~
non 2 m°€ Vo

-14. -




|
[
[

J 3/2 . :
* . o 2.2 3.2 -8 | ‘
Iy .= v (1 +K D ) (e -5 K, SA) e ; (47)

* _ . 0 -j6 : a
Inon = - 6 e . (48)
Firét; we ‘should notice t\hét these relativistic expressions could be re-
duced to nonrelativistic ones if Ki/ﬁi << 1, corresponding to KCZ)S‘2 << 1,

8o th‘é.,t the integral,

2

48 + ¢

L | . 3/
' _ P 22
;11' = j (cl -Jie ) (1 + KOS ) 2

is reduced to -

_ .. _j@
™ -’/’(c1 - Ji_e )d6+c2

Therefore the terms containing Ki would be missing. (The nonrelativistic

i

results are given in Appendix B.)
' Secondly, Jo and 90 in the relativistic case are a little different

from the nonrelativistic Jo and 90 , since both of them: fnay depend on the

1
.

applied d-c voltage. However they will reduce to the same value when
2 .2
<
Ko/ﬁe §< 1.
"Third, while it appears at first that some of the relativistic express-
ions cannot be reduced to the nonrelativistic case, even if K(Z)' terms are

’

omitted, with realizing that a_ —» wZB , V. >w., a - wZ(ZAe +B), v +w
a a D o o 8
and 6 = wt, one can after a little manipulation reduce them to the nonrela-

tivistic form.

-15-




IV. APPLICATIONS

A. Space-Charge-Limited Diode

) ‘The behavior of a space-charge-limited diode in the nonrelativistic
case has been worked out by Llewellynl’ 2. Now we are going to investigate
its patt.erln for the relativistic case by the results obtained in the last chap-
ter. |

Since the d-c potential at the cathode is zero, i.e., Va =0, then

D = [Zva 1+va) l/2—0
Ko‘ I.Vn ‘ “?‘Vn‘

Also for a space-charge-limited diode, the electric field at the cathode has

to be zero, from Equation (A-1):

I |

-

2

d | ‘ e
© 7—“7'2‘ = ms B

)
™

|o

‘,"l“ -
\
where — -
1
E-
__e—'l_/z =5 =2A62+BO+D ;
1 -—7
ﬁ.e
therefore
2 e
w (A6 +B) = -— E s
m_ o

-16-




where Eo = 0 at.6/= 0, hence B =0 . In a space-charge-limited

diode we therefore have

B=0, D=0 . (49)

By Equation (49), we find Equations (33), (39), and (45) equal to zero, i.e.,

B*=E*=H"=0 . (50)
Also, if we neglect the noise at the cathode, thgn Via = 0, so
Equation (30) is left in the following form:
v, = A¥ i, . (51)
v, = D*i_ (52)
i = G* i, (53)

First, we study Equation (53) to see if the conduction current will
be the total current when 6=~ 0, as in the nonrelativistic case. Equation

(43) gives

J ) .

* _ e o 1 3.2 - -j6 .o -jB)

G’ = = — (1-{1+7KO [Q+_](T-SA)} e’.jo e )
oo o {jw ,

(54)

The quantities. SA , T,and Q are given in Equations (17), (18), and (20)

respectively, but in the space-charge-limited case B=0, D=0 ,; therefore,

_,29°
sy = A7
T = -ja%e%ei®:4a%0%e99 1 j124%0%e3% - 24a%0 €99 - j24 4% ®
2
Q = -244a% (55)
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and

By Equation (12), we have

1+ Kf;sz)
By = —

Since from Equatiéon (17)

and since

1
Pe

1/2

2\

l - —
|32

e

therefore S = AG2 in the space-charge-limited diode. From Equation (54),

we get
\'4 )
, 14— (14—
eJo 11 eJo ﬂ_e=-eJo n( 2V,
Mo Vo (jw)? Moo w m e w3 S
\
1+ '
e J v ‘
= e SRS S (1+_Y_) , (56)
m e w3 INE 92 Va
o o

where A is given in Equation (9) and where (V/Vn‘)‘2 has been neglected
since we are interested in the first-order effect only.

With Equation (55) and Equation (56) substituted into Equation (54)

-18-




Ri 1

G* = .932, (”'vl) {1 - 'e?fe-%xiAz [-z4e‘39+3(-je4+4e3-jlzez-ue-j24)
n .

5 .
_9_e‘39] -i8 e-‘]e} . (57)
5 .
When 6-+0, expand e'je into a series in Equation (57) to get
y , 2 2 .3
G*= .2 1+l) 1 - 1-‘36-9_)-.3_1(21&2 241 -jo+ {38 (250
o2 \ 'V, z]7Z o 2] 31
456 5
+4=39) +~‘;JP) '+"g,°) ]+(e4‘+j4e3.1z,ez-j24e+z4).»j35_(1-je} -je(l-j.e)>
2 v\ [3,.2,20° @° vy, K 2
= -— [1+ ZKTA —_) = (1t e=]{l-— A" \, . 58)
E,.?.(V)'Zo 6 2 (vn)(lz ® (58)
But by Equation (7)
£ Y
2.2 2,24 2V v
K%s? = k®a%e* - 2V [1+-Y)
o T %o )

1

and if we neglect the second-order effect, Equation (58) reduces to

G* = (1+%—)(1-%) = 1

When 6-+0, this equation indicates that the conduction current is still the
total current, as it is in the nonrelativistic case, which is as it should be.
If we express Equation (52) and Eéuation (53) explicitly with the coefficients
for D* given in Equation (37) and G* given in Equation (43) and setting B=0

and D=0, we -get the velocity modulation

-19.




L, -3/2 . . 1/2 .
v, =D%_=-i_—S—(+Kk3s%) o IO 2 (14kZsh (1.0 JK2A%

c ¢ e M, o ) je (¢} o

‘ 5 )
[(-24,_j95-) 0 1ot +j40° - 120% - j240+ 24)] ] jOeJe} ]r

Z’(“V!') 5
- .3 = .1_3v) 1.0 L m g8 3V (-24-3 8 yemi®
cem\ V| 76 i, | 5

oV
o
+(0%+j40°-120% 5240 +~24)] -joe’ e} -

(59)

and the current modulation,

el : . 5 .
i =G* =i —o 2 1 {1-e‘39-3K§A2 [(-24-5%-)e'39+e4+j4e3-1ze7‘-

c ‘cm g, Vg ,,_(jw)z | 2
-j246+24J _joed®
) 6 3V [ ., 0% -j6. .4, .,.3 2 . - -je\
= -1c62-1-‘e -;47 '(-24-71—5‘-)e +0 +j407-120" -j246+24] -j6e "
‘n

(60)
Next we consider the behavior of equivalent diode impedance. By
Equations (51) and (31),
v _ el ‘ --je -jo _
_ C _ A% _ I J a3 0 5 230 0 a0\ 32,2 o
Z=g—=A"= — {‘J“’) dt —r [(Z 2e7 0519, )'zKoA e ~-1)
c €, liw) o o

, 5
-j6_ (e
4, .2 4o 322,20, oo 443
(-6_+126_ -48)+j3 K-A (1 te )(-5--4eo+z4e)]’

(61)

with B=0 and D=0 . Separate Equation (60) into its real and imaginary

parts:

Z = R+jX (62)
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where, from Equation (61)

el

R= —=2 [2(»1-.cos 6_)-6_sing_- %K Az(cose -1)(-8, +1ze -48)
€, €, liw) ‘
e5
2
+ZKOAZSIHB ( 2 -493+249 )] ) (63)
and
d eJs o | 32,2 4,02 40\
X = - T |® (l+cos 9 ) -2s8in@ --ZK A" sin @ (-9 +120 -48).
we, e m e (ju) o o o o ol "o o :
o o

le

o
A2(1+cose )(—5--49 +z4ec)] . (64)

At very low frequencies, a diode with complete space charge in the
nonrelativistic case acts like a pure resistance and not like a capacitance.
In the relativistic case, expand Equation (64) in series. In the expansion,

the term d/we_ may be written in terms of the current by the dse of Equa-
° y q

tion (8):
eO eO
. o -1/
a = f S e = f Apl (1+K§A‘2 4) de
(1+KZSZ)‘ S :
Q. . »
60
;fAe (1-2-KAe)de A( %KAZ 7)
[o] . ‘a
7
_ 1 247) _ 1 v 31 7)
= (3 - frKoA o)‘i:e—wrzojm‘e) - (65)
[o R0 ]

Substituting Equation (éS)‘into"'Equation (64) gives
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eJo [
X = _———--.—_< 3.6 +8 (l+cose )-Zsmeo]

2,2
4 ‘ o
€ o(‘jw) m ¢

K A (1+cose )

le

o

5
)
(_° -4034240 ) 3k%A%sine (e +1ze 48)-—K2A297>
5 o 2 o

‘ 5
elJ ] © .
o 0 3.,2,2 11 9t
Z et | — KA i ———— 0 . (66)

Now the coefficient e Jo/eo(jw)4moeo is present in both the resistance

and reactance expressions given in Equations (63) and (64) respectively.

Since
2\
4
_ 2 _1{"p 2
S = Aeo = -Z-.p—: 00
e/
by Equation (7), then
Yout
b2\
s2 - L[] ¢t . 2 .[Q(HLL)]
\p3) e mt T,
st +_z_)] 1_[51 [+ _V_)]
1.4 K 'vn 2V i} Kz vn AN
-8 = — ‘ : = . (67
° 2\¢ elJ 2
ﬁp o
- 3
p‘z ] m e w
If
4
€ Jo _ € Jo 12 eo 68
€ (jw) m e € (jw) m e o
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substituting Equation (67) into Equation (68), we have

2 V( v )
| - 2 v\ v, ‘
e Jg _ edy, 121 % : 2 v 12f,,1 ¥
. 4 ST o4 4 3 2 ;T _4‘ A Mk
E‘O(Jw) m e eo(gw) m e eo e JO o 0 n
m. € 0)3

(69)
where Vn = mocz/e =5.11x10° volts. Note that J héreistherelativistic
d-c current, a little different from the nonrelat{ivistic case, the derivation

of which is given in Appendix C. From Appendix C we have

- wy 32, 3wy _ .3V
»Jo = KV, (1 - Kﬁ') = I (non) (1 ‘R ) , (70)

where Jo(‘non) is the nonrelativistic d-c current. Then Equation (69) will be
eJdy 2 v ) 12 (1 X va
Gime 3 AEARYE LA
eo(Jw) m e 3 Jo(non) (1 - 2_38_V_n) a4 2-Vnu
12 ( 17 -V)
= +=== , (71)
e(non) o4 8V,
and
2,2 1 ZV( 1 .V) 1 2V
K A = e ] == = = —
93 Vn 2 'vn 63 vn
written to first-order only.
Turning now to -Equation (66) again, we have
12 17 Vv 1 11 9
X = Vv e - v 5 5o ©
c(non) e4 ( 28 vV, Vi 94 21x144 0)
3 43 V)
" *¢(non) TU‘G (1 252 v, ) ) (72)
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In Equation (72), as in the nonrelativistic case, 6 -0 and X+ 0.
The low-frequency resistance can also be found from Equation (63)

by series expansion of triganometric terms, giving

v . , '
R-2_o (1 SUA [l-ieg-_xz 2 -._s_ez)] . (%
3 Jo(‘non) 28 Vv, 15 Vn 7 168 ©
When 6 -~ 0,
17 V)( 3 v) ( 5 V) ‘
R 14 —(1-2o=) = r 14— =) . 74
re(moni( 28 V 7V 1 Te(non)\" " 28 v, (74)

This value chécks with the value cal__c-ulated from Poisson's equation given
in Appendix C, and this is recognized as the slope of the static relativistic
characteristic. The physica-l interpretation is for any given voltage. The
electron velocity is less than that calculated from nonrelativistic consider-
‘ations.. The charge density is therefore greater, and the current is there-
by reduced, so that the resistance is increased. The form of the resistance
and reactance as functions of transit angle is showrlx graphically in Figure
1, th-e: data for which are presented in Table I. The curve shown in-f‘igur'e
lis for V=2.115x% 10‘5 volts, the maximum limit of our analysis. .

When using the figure, one should be careful aboutthe t’ra'risit angles.
the relativistic transit angle. is n;>t' equal to the nonrelativistic one.. By -

i
Equation (65), we have

o eJ | eJ 63 \
a= b "o (1ol -LkZa%7) = #_(1-_3..K2A264)
2 mecwdl3 0 g0 Tofl "B "3 1470 o
0o O o0
3
7 _1%9% (3w (75)
6m € (A)3 7vn' '
[o]e}

-24-




LoD . .
————RELATIVISTIC CASE
ost —— NONRELATIVISTIC. CASE
0.6f
0.4
0.2+
:.a'eno‘n
0 Ry — ‘
\ - 3T 4T
- L. —— -
_0'4_
A 7
-06r \-\// o (non)
' 'O‘.BF‘

Figure 1. Internal Impedance of Diode as Function of Transit Angle 6.

In the nonrelativistic case,

o(non) 2
d“ = ﬁ = l ﬁ_p
o ,,g-e 6 [32

1

6mew
o o

3
o(non)

€ Jo(non)
3

,» (76)

and equating Equations (75) and (76), and using Equation (70) gives

3

o(non)

<1

-25-

15 Vv
t 5 o ’
28 Vn)




Table I. Data for Internal Impedance of Diode as Function of Transit
Angle 6,
Transit Nonrelativistic | Relativistic | Nonrelativistic{ Relativistic
angle value correction value core

6 r/rC(non) ‘ r- r . Q_V_) x/rc(non)‘ - X v

o c(non) \'n c(non) Vn
0 1.000000 0.178571 0. 000000 0. 000000
1.0 0.935093 0.113415 -0.288320 -0.146720
1.4 0.875997 0.135635 -0. 388551 -0.119100
1.57096(1/2m) 0. 845991 0. 153627 -0. 427248 -0.073750
1.8 ‘ 0.801872 0.146760 -0,474784 -0. 095990
2.356195(3/4m) |  0.680630 0.126340 -0. 566900 -0.133050
2.8 0.575244 0.110000 -0.615070 20.110360
3.141593(w) 0.492768 0..094500 -0. 636620 -0.113682
3.6 0. 384844 0.079490 -0. 645341 " -0.119320
4.0 0.296930 0.061570 -0.635891 -0.117020
4,71239(3/2m) 0.163340 0.034940 -0.587754 -0.110720
5,2 0.092785 0. 010440 -0.538847 -0.103353
5.6 0.048612 0.011540 -0.493874 -0. 096146

6.283186(2w) 0. 000000 0.000000 -0. 415605 -0.08120
6.8 -0.017391 | -0.006500 | -0.359815 | -0.130135
7.2 -0.022019 - -0.007400 -0. 322399 -0.064610
7. 853980(5/2m) -0.018462 - -0.008430 -0. 2‘7‘31’09 - -0.053910
8.4 -0.009979 - -0.007020 -0.243708 -0.036473
9.0 -0. 000206 -0.005920 -0.222267 -0.048130
9.424776(3m) 0.006084 - -0. 004260 -0.212207 -0.037894
10 0.010942 -0.003470 -0.203237 -0.033916
10.995592(7/2m) 0.010669 -0.000312 -0.192560 -0.032164
12.566372(4m) 0.000000 0.000000 -0.017249 | -0.029391
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or, considering the first-order only,

% = ®(non) (1 ts2 ‘_7n_) . (77)

Now, we want to know the change in its negative maximum resistance when

® is moderately large. Equation (63) could be written as

R .-r, 12 ( 4 17 —V—) 0 sin® ->-V 6 sin® | . (78)
¢(non) o4 28 V_I\o °© 5V o °
o n n
when
6 = 2n1'r+l1r, R =+ R ,
o 2. max
and
» 3
‘R 1.V ) 12|l— 2%

! “max - Tc(non) ( + 140 V
n

3
_ 96 1 1 vy
= 33 Te(non) (rH) i R LI

We can tell from Equation (79), that -R is increased LA
max 140 V

compared with the nonrelativistic case, but this effect is very small, being

approximately equal to 0. 3 percent when V = 2,115 x 105 volts.

B. Application to Klystron. Gaps:

The fol‘lowing analysis does not assume that the d-c space charge is
sufficient to depress fhe space potential distribution, but is based on the
fact that practical klystron tubes. operate with grids at the same potential

with relatively high d-c voltage so that the space charge is insufficient to

=27-,




affect the space potential. The geometrical dimensions are given in Fig-

ure 2.

A B c | P
' i | .

'+ REGION | —$j¢——— REGION 2 ——»lerEGION 391

| | | I

I ! i |

| | | .
i . | . | : |

| 'l : - le2 :4-— 'e3 1

! I ! :

i |- | ..

I 1 7 I |

—V, >je v, b:d-—'Vs ——-v:

] I | o

! | ! |

Figure 2. Sketch of Klystron Gaps Illustrating Nomenclature, .

Region 1
vA=VB=vC=vD=V
At plane A, il‘a = 0, Via = 0; that is, there is no initial velocity

and current modulation. Thus Equation (30) is reduced to

A%

Vy = Al .
vy o= D’f i o (80)
. X* .

i =Gy
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From Equation (80), we get

lel

- Now, we study the velocity modulation first, using DT given in

Equation (37). and A’f given in Equation (31):

-3/2 .
DT = ! (1 + KZSZ) (1 -39
PRV m
(Jw) ‘o
' 2.2 /2
(2.A9+B)'.,(1+Kde) 2 o ol
1 - [1+2K5(Q+jT-8,) e -j0 e
. 2 [o] A
JS L . .
elJ -jo . -j6
* . ) .43 o o ., °. R
A.1 = — (Jw? d+ —m [(2 - 2e -Jeo -Jeo e )
¢ (jw) : .

' (Q - N + M) +JZ3-KZP

(1 + e-Je°)] ‘

Since it is assumed Jo % 0 and VA = therefore A =0, B = 0; then

Vi o
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D* -3/2 =) jwe
l o -1 e 2.2 1% o
w z — V. = : (1+KD) (l-e' )V- :
i A'{‘ 1 (jw)z ofo o 1" d
] 0
3 ) +j o -j o
==V (1 +~KZD.2"'-.Z e-JT i T'e z
" m d 1Y o ] . T
o jor
/ 60 eo
-3/2 sin -J
2 J
. (1 + K DZ) 2y e 2 (82)
o] 2] 1
o 0
2
By Equation (14)
0 -
o T
d=fi‘i=[“-"lt-,=‘vow ; (83)
, e e
o o

since w/ﬁe =V, and Vo is a constant. Then we can rewrite Equation (82)

as . ‘ . 90 90 .
‘ sin- -J
v, = =L (1-21(2132) Z, v, e ¢ . (84)
1 m 2 2 o ) o1
o vy ‘0 :
2z

From energy relaticn,

~N
—

solve for v‘2
o
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And KiDZ‘ = ZV/Vn by Equation (11) if we neglect the second-order
effect. .-

Finally, Equation (84) will be in the following form:

(1_3 v) 0 0 6,
v, = - Vo) 7o 7. fi v\t
1% myzev 3w B, o'l IV T2V, T8, o
my 2Vy) & =
(85) .

where the minus sign on the right-hand side of the equation indicates that
tﬂe direction of fhe velocity is opposite to the direction of the total current
ic . It indicates that the operation of‘mvelocity modulation with high acceler-
ating voltages is seriously affected by the relativistic increase in electron
mass. In the nonrelativistic case, the change in velocity is only VI/ZV

as given by Hahn and Meétcalf,” while in the relativistic case, it becomes

Zl 1-3_"7"
v 2V, )

This factor, which measures the reduction of modulation from the.nonrel-

ativistic value amounts to. 0. 76 for 100 kv.

Jwt

Furthermore, if one adds the factor e in Equation (85) and takes

the real part, -one gets

)
v sin— 2] .
» = 1.3y __ 2 : .o |
R.e(vl) = 5% (1 > V,)T v, cos(wt ?-) . (86)
2

If one takes the center of the gap as the reference plane, and a reference

point for time that will give a sine wave, then-the total velocity is

-31-
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v X :
_ 1., 1 3 v\ . ‘ _ ‘
vo= v :1 + v (1 -3 —v—;) M sin wt:l1 i (87)
where the beam-coupling coefficient M = sin 19-/% .

. Néxt, we want to know the current modulation. From Equation (81),

From Equation (31), AT is reduced to d/jwo, since J_ & 0. From Equa-
tion. (43)

3 ‘ - - -39 -ie.
* e o 1 ‘ 3.2 . T o . ol
Cr1 " me v T2 {1 - [1 +2-‘K'o (Q+j T'-SA)] e —360 e } ,

Lo o (jw

where when A =0, B=0 and d = VT Equation (17) reduces to Q= -VDZ,
jo

Equation (18 to T = -jDZé ©, and Equation (20) to S =D290 . Therefore

A

[
1]

‘ _ ¢ i -j0 -j0
{1 - 1+%K§ [—D2+j~(-jD2e °—D260)] e %jo e ©

J jo e, -ie|
_'_S_zl jé_ 1 -1 +%K§ D2i<-1,+e °-je°) e °-jeo e °
m Vv o | ) ‘
0 O :
A i8, -38,
Since the gap is very small, we can expand e and e into the series,
N 2
s v, | . ST
. o 1 1 3,22 (. . o . o . o\
11 = —11—17— E 11 - 1 +2-K0D (—1+ 1+Je '-(_2_ -Jec)e -Jeo e i
oo -
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-(1 - j8))- j8j(1- j8))+ =K D 6. e

*foV11 [ 32022 0%
PR i’

0 as § -+ 0
(e}

Therefore there is no current modulation as long as the gap is small, just

as in the nonrelativistic case.

Now, the most interesting case left is the beam-loading conductance

and susceptance. The admittance of the gap in Equation (81) is:

Y:-c_=._.L

’

v A
1 A1
where from Equation (31),
. .3 elJ -je -39 3
A’l* = 9_“.’% 1+_—3—L— HZ-Z'e -JB -Je e 0')‘
€, (jw) (jw)"de m L '

-je, -j8
-%KCZ)(Q-N+M)(e -1)+ %KZP(He °)] #

Since J‘o X 0, we can expand l/AT by binomial theorem to give
(Jw)e elJ -i8 .8y 32 -3
Y=—-= {1 - —2— [(Z-Ze»» °.50, 8.e °)-—K (Q-N+Mjle  °-1)
A] d (jw)>de _m o
o O
-i0
3.2 I
+ _]E-KOP(I +e )]
jwe eJ ; -j0 -j0 LI
={—°_ ° ;(Z-Ze °_j0 -j6 e °) 3 x? (Q N+M)( °-1\ +i3 k%P
4 (ju)2e? ° e 2 2. °

(11 + -e‘je°ﬂ :

then divide this into the real and imaginary part. The real part will be
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G= 0 _ Yo 2(1 - 080 )-0_sinb -3 K3(cos 8 -1)(Q-N+M)3 K2P sin6 |
= 2 2 | - Ui 0772 oy T Yo TIURTEIE e B %
mow d : > . . g
(88)
Whén A=0, B=0 and d = Vo-r‘, Equation (20) reducedto Q= -D2 ,
Equation {27) to N = 0, Equation (28) to M = -D°, and Equation (29) to

pP= Dze . Substituting these values in Equation (88) gives

eJ :
_ o 3 Z: 2. . a - .
G = — 2 (1 - > KD ,)[Z»(l -cos0) - 6_ sin .eol (89)

In the nonrelativistic case, Equation (89) becomes

Gy 1 ; '
G = - = [2(1 - cos 60) -8, s1n60] R (90)

non eg
where use has been made of the fact that G, = JO/V and movcz)/Z =eV.
Equation (90) is the familiar form of beam -Ioading conductancé of an or-
dinary gap as given by -Be‘ck‘.6
In the relativistic caée, vcz)' is given in Equation (84a) and K‘:Z;_DZ ‘is

known to be ZV/Vn , then Equation (89) will be

~ o 1 3 v , .
G _— (1 -3 ﬁ) [2-.(‘1‘ ~cos 60) - 90 sin eo]

2(1 - cos 6_) - 6_ sin eo] . (91)

Note here that Jo is the relativistic current which may or may not be equal
“to the nonrela't‘ivi‘st,ic value, but even for the space-charge-limited case,

the current differs by only a small amount, hence we can still use 'G‘o = JO/V
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PGS

without serious error. Furthermore what we are interested in is the ratio
Cv‘/Go . Equation (91) indicates that the relativistic effect is rather im-
portant since when V = 2x 10‘5 volts, G/Go = 0. 412, which is a serious
decrease in beam conductance,

For the susceptance, take the imaginary part,

(jw)e elJ T ‘
B = S +j ° 2sin® -8 (1+cos0)||1 - 3 k?p?
d deZm o] o] o'} 2 O ‘
o
3 V)
(o)e So(1-3 v)
= +J 28in® -6 (l+cos 8 ) . (92)
d 2 92 o o o’}
s ‘

The first term in Equation (92) is the susceptance resulting from the gap
itself, and the second is dué to the bean:, hénce the beam-loading sus-

ceptance in the relativistic case is

G
o 1 3 V) }
= e e ] s e i - -0
B) = 5 (1 - Vn) [Zs1n9° °(1+cos0°)] , (93)
(o]

while in nonrelativistic case, it is reduced to

G,
— [2 sin® -0 (1 + cos © )] Y
N ° ° °

. ‘ 6
as given by Beck.
Region 2

In Region 2

*
LHOHCIv, (94a)




_ K, oy '
vy = ].)212“(: + 0+ F2 vy ) . {94b)
A * . %

i, = GZ e +0+ I2 vy . (94c)

The current modulation terms are missing, since there is no current mod-
ulation in the first gap.
sk
From Equation (94a), we have iZc = CZ/A; Yy and substituting this

in Equation (94c) gives

k% * %
o 2% e . %2%
EIC R R A A A T A
2 2 12

where G;, C;, A’Zk, Ig are given in Equations (43), (35), (31), and (47)

* * .
respectively, and G‘;, CZ’ I2 all contain Jo in their expression, hence
* ks k oK ) . a K oK K LK
G, CZ/AZ I, approaches the orderof J_ . Since J %0, G; CZ/AZ I,

approaches zero; therefore

J 3/2
I* = -j—g(1+K2D2) (je -
v (o] 2 3

L =hLvy
(o]

Nl w
A
n

>

S
o
<

Now with ‘A =0, B =0, Equation (17) gives SA = DZSZ , which if substi-

tuted in the preceding equation gives

J 3/2 -jo
i, = j== 1+ KZDZ) 92(1 - EKZD?‘) e ‘v
o 2 o b
v -j0
(Vb 2
- . (_vo) o2 2. (95)

The minus sign on the right-hand side of the equation indicates that iz is

opposite to Vi in direction. This expression is the same as in the non-
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relativistic case, except that here it is the relativistic expression. From
this, it is apparent that thz current in the drift region is not affected by the
relativistic effect, since there is no relation between current and the mass

of the electron, which accounts for the relativistic effect. |

Similarly, we can solve for v,y in Equation (94):

" ] o [ P2
V2=D2120+F2Vb=F2 I-W Vb
272
Again . ok
D2 <
L
AZF‘Z

approaches the order of Jo; and since Jo x 0, therefore

. -
D%
* ok v
AZFZ
and
. -j8, 3/2 -3/2 -j0
Fj = e 2 (1 +:K2'D2)» (1 +K2D2)‘ =e 2
o | )
as in Equation (42) if A =0, B =0. Consequently
-j8, .
v, = e vy (96)

which indicates that as in the nonrelativistic case there is a phase shift

only in the velocity at the drift region.

Region 3
In Region 3
A% * . *
Vi = Azig +B3i, +C3 v,
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Solve for i3
<
e
AR
i, -— v . (97)
A3

The last term in Equation (97) is approximately equal to zero, since

3 3/2 [ -jo_ -j® | 8
*
cy =22 i+ K?‘DZ) {(je e %te O 1) +2.K2[(M-~N-jP)e °-M]
€ o o 2 of {

Since J_ % 0, then Cg ¥ 0. We are not interested in the velocity modula-
tion term. The first term in Equation (97) is observed to be the capacitive
current; the second term is the induced current.

From Equation (33) and (21), if A=0, B=0, and Jo % 0, the rela-

tion between BY and A%

3 3 is
* \ . .4
B 2.2 -1/2 /-j8 € (jw)
_i_ = _L._E;_ D( + KiDz) (e 3-§ L . (98)
AT e liw) (jw) 3d

1/2

Recognizing that l/ﬁe = D/ (l +-KCZ)D2) as given by Equation (12) when

A=0 and B =0, one. has

w wD

d = v T : — T T e———— T .
0T3 T F. 73 77 T3 4
e (1+K§D?') /

hence Equation (98) will be

0 o e

*. -j0 , 3 . 3 .3
B, _ (e 3_1) _ s sin— B —‘J—Z-M
= % TTSer, = °° 6. - "¢ -3
A3 J9OT3 °3

2
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The induced current is

;]
oo By g

o= ooy = e S Mgh, (99)

A,

3

where i, is given in ‘Equation (95).
0
A J‘z2 -38;

Ji R \v;, JOM3928 € . (100)

)/V.m, and vb/v0 is given

The transadmittance g is defined as J,
m i(out
in Equation (85) with 6 = 91 , then
6,46
41 73
J J -J( ) -j0
g = — =l tmm, 202 Ngeye V2 Je 2|, (101)
m v, 2 173y 2 v, 2
where
' 61 0
M _ Sln'T M - Sa.n-z—
T
2 2

| w

— of the nonrelativistic case

The expression 8m is reducedto 1 - = VY
‘ n

oY

given by Hahn and M'etcalf.5 The factor,

y B, +6,)
e \ 2 ,

is missing if the center of each gap is. taken as a reference plane.
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V. APPLICATIONS TO THE VERY HIGH-POWER KLYSTRON GAPS

L
5
The results obtained in Chapter III are applied in Chapter IV to space-

The applications given in Chapter 1V are limited to Ki/Bz <

charge-limited diodes and klystron gaps. We limited ourselves to Ki/ﬁ_i
< % because of the difficulty in solving the wave potential integral w .

This difficulty is eliminated for klystron ga.ps,‘for if it is assumed
that the space charge does not change the space-potential distribution in i‘fhe

gap, then the evaluation of the integral w is without any limitation; there-

fore we can extend this even for Ki/ﬁz > ;— :
5 3/2
= [, -5 @ /1 % de
T = 1 - e /,| '? \ +C,
. \ P
. -3/2
= f(cl - i eJe)(l + KZSZ) a +C
c (o] 2

3/2

L je 2_a2yv
f(cl-pcea)(uxon) a0 +C,

o TV 2 \"3/2
= ~(Cle -ie 9)(1 + KoD ) + C2 s (102)
where S=A6% + B8+ D= D, since A=B=0
For the first klystron gap, ila. =Via = 0, and from Equation (1)
2 2
B -jo B . C,.=3/2, .
i = B e "o P SO +K2D2, c.0-i e 4sc ;
1 2 2 ' o 1 c 2
ﬁe ﬁe ‘
butas 6 - 0 and i, - i, =0, we can solve for C, :
1 la 2
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c, = ic(1+K2D2)-3\/Z :

(103)

Similarly C1 {s obtained by substituting Equation (103) into Equation (3):

With 6 - 0, v, »v1a=0, we get

S o=3/2 1 -3/2
. 2.2\ B 2.2 ( 2. 2) _a .
(_CI-JLC)(1+K°D) -B(1+KOD) [-1+K ) i +czl =0 ;
. (104)
therefore Cl =j'1C Substituting C1 and c, into,‘,il and vy again,
we have
eJ —3/2 .
i) = G = 1 (1+K2D2) (1-e%56ei , (105).
0o 0 0 (jw) ¢
-3/2 :
_p* _ e 1 2.2 -j0, .
v, = DM =S f-2.(1+KOD) (-9 (106)
o o (jw)
The applied voltage across the gaps is
5]
g ° E,
Vl = IEI dz = f —ﬁ—- do s
e
o o
where El is given in Equation (2), resulting in
e e , 6
0 & o 8 o
v:[_l=:,.l__,i[£’3-.2fe"ende
1 e Jwe | Be p3
"o . o e o
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1 3., %% AT -3
=AM — [(jw) d+— (1+ K’D ) “f2e” --jeo-jeo‘e °]

© ohde,
. (107)
Now, the velocity modulation given in Equation (81) becoines
* jwe } -3/2 .
v, = R*. v, = — ° - < > (1 + K DZ) ::(1 -‘e"Je) v,
A o™o (Jw) -
P
3/2 sin 8 -j—
= (1+KZD2) 2. ¢V e ¢ | (108)
‘ o o ol
m v :
o o _ 7
where vi is as given in Equation (84a) and D is as given in Equation (11):
2 _3/2 ‘ f3/2
vio 2 (1+l _V-) <1+l) (1+K DZ) [1+ﬂ (1+ll)]
o 2V v, ‘ VoV 2V,
. -3
- (1 )
Va
Substituting the preceding two equations into Equation (108) gives
vy 1 ‘ S"”’% 'j%
v, T o= ve “ (109)
2V [ 1 Vv \4 g °
1l + = — 1 +:em— 2
‘ 2V, J\ Va

This expression is given by Beck,'7 and will ' reduce to

) .0 . 0 .
| A 3 v V1 smz -JE Ko 1
v, = {le= =—] == v_ e for — < = ,
] 2 v,/ 2 [} o p2 2
2 e

as shown in Chapter IV. .If V = 1000 kv,



1
1 VW[, .V
l 45 =] (1 4+ -
( 2 vn)( vn)

then the relativistic effect is seen to be very important in very high-power

= 0.17

klystrons.

As for the current modulation,

" .
jwe eJ ‘ -3/2 r .

o= ‘GT Vs : (1+ KiDZ,‘) (1-e3% 0 e'-“e)v1

A . d ooo ‘(jcu)z

eJ V , -3/2 . .
=—2_1.1 (1 +K2D?) T (100 &7
m e ve J9 °
o 0

Since the klystron gap is very small, or 6 -~ 0, then by series expansion;

eJ ¥ S -3/2
o= —2L L (1+K§D2) [1-(‘1-39)-3'9(1-59)] =0 .
m ‘Eovcz) J

Current modulation is stiil zero, as in the medium-power klystrons dis-
cussed in Chapter IV.
. By Equation (107), the beam loading will be divided into real and

imaginary components just as was done in Chapter IV, giving

G = Go 1 ! [2(1-cos6 ) -6 _sine ]
= -2— 7 ‘ -CO o - o o ’
8 1 v
v, o
(110)
G y
B, = o1 L [zsine -0 (l+cos® )] .
2 2 (o] [o] o'J
% o1 ) (o)
0 1+ =) {1 +—
2 Vplt vy (111)
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Equations (110) and (111) check with the results obtained by the ballistic
approach given in Appendix D. The plot of both G and Bl‘ will be shown

in Figure 3.

-~
-‘0;2# V/v"no
c B
Figure 3. —— , —, as a Function of D-C Transit Angle.
Gy Go
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VI. CONCLUSIONS AND RECOMMENDATIONS

This study gives some idea of the importance of the relativistic
effect in a space-charge-limited diode and in klystron gaps using Llewellyn's
relativistic coefficients, which are derived from wave theory. We applied
Llewellyn's coefficients to the spa‘c;e'-charg,e‘-limited diode and klystron
gaps under the restrictions that Ki/ﬁi < % Velocity and current modu-
lations, and equi'va.lent impedance and bearﬁ-loading: admittance, were in-
vestigated in these two equations. For the diode impedance, the results
obtained do not differ greatly from Llewellyn's and the negative maximum
resistance which is related to the diode oscillation changes only 0. 3 per cent

2 1

. L. 2 . .
of the nonrelativistic value at D‘o/pe = 5 the limit of our analysis. From

this result we can predict that the maximum negative resistance cannot change

. too much even extending the analysis to the Ki/ﬁz > 1 region, or V>2,115

2
x 1 0‘5 volts.

From the results obtained for klystron gaps, it is apparent that fhe
relativistic effect is important. Since the assumption is made that thie space
charge does not affect the d-c spacée potential, exact integration without any
approximation is feasible. We find that both the beam-loading admittance
and the velocity modulation change appreciably, as shown in Figure 3,

Further work should be directed toward the following probiems:

i) Find the exact solution of the wave potential integral wm, given
ip Equation (5).
ii) Apply these results to high-frequency triodes and tetrodes.

iii) Study the power flow in the relativistic case,

b 45-




iv) Study the noise phenomena.

v) Take account of the force resulting from the magnetic field.
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APPENDIX A
DERIVATION OF BASIC EQUATIONS

‘The Basic A-C Equations

The analysis which follows is based on the following assumptions:

1)
2)
3)
4)
5)

the motion is restricted to the z-direction only,
no Maxwellian velocity distr‘ibut.ion,

no electron overtaking,

a small-signal analysis, and

positive ions are not present.

The relativistic equation of motion is

d v e ‘
—_— ' = - (A. 1)
dt 1/2 | m
( o2 z/ o
~ \ -7
c
Since dz/dt =v, we can write
2 .
d C ‘ e
= - E A. 2
= ‘ YA m_ ( )
CZ

Now, if I‘vll’ << ¢, then expand the left side into the Taylor series about v,

2 2 . 2
c ~ C v et d C
2\1/2 al/2 1 dv /2
1-Y vo vo
=z 1--2 1.2
2 CZ
cZ vmvlelwc .
= + " . A' 3
NG N2 (&3
1- .‘:‘l. 1 - v_°
2 2
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From Equation (A. 3), we can separate Equation (A.2) into its d-c

part,
d c'Z _ . _*€ E
dz 2 172 m o
.o
c
and its a-c part,
M v ejwt
d o'l ) - € g ‘e,jwt
dz |7, x3/2| " m, 1
. ! e/
Vo i
1l - —
o2

From Equation (A, 5), v, can be expressed as

S L3/
v
-£-3)
v, ¥t o _ A€ E, & 4z
i m v 1
oo
The equation of continuity is
9i. ej(.ut 9o X ejwt
l ¥
“ 9=z - - T3t
Since
d _ 8 + dt 9 . -0 + 1 0
dz -~ 9z dz 3t — Dz '?r; ot
then
di ert ailert 1 2i ejwt
1
dz - 0z + i ot ’
and also
L W 7 R P
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(A. 4)

(A. 5)

(A. 6)

(A. 8)

(A.9)



Note that here dz/dt = A tv but for small-signal analysis, v, should

1’ 1
be neglected since 9/8t is another small a-c term.
Frora Equations (A.7), (A.8), and (A.9), we have
L jwt
dlle _ . lpol Jwt. A
—_—— = e o v, e . (A+ 10)
o

The plasma phase constant is defined as

2 ® l‘po‘ _ eJ

mG‘VZ
O 0 O [o e}

o

Also define Be = w/vo and Ko = w/c’ Combine Equation (A. 6) and

Equation (A. 10) to give

Wt 3z | dz (A.11)

where use has been made of the fact that ﬁg/ﬁz is independent of =z .

Define a wave potential w(0) for convenience as

. T
‘IT—JQEO B—e—f

where we have introduced the d-c transit angle 8 = fﬁedz . Furthermore,

e 1
E_é g 0| do ,  (A.12)
1 €

one gets

- b

wT =,J’wdt32:[—(i dz = fﬁ dz=606 ,
g A e

-49.

g e



where T is the d-c transit time. The field intensity E. can be expressed

1

from Equation (A.12) as

=1 d N ‘
El "'_Jweo pe Eg (ﬁeﬂ') ’ (A' 13)
‘then by successive differentiation, we have
{ - 1 .
E =L 0 < d ] dn| 5 d e |
1T we das N e 402 2A1/2 )
: Ko Ko
l « — )
p2 p2
e e '
(A. 14)
Equdtions (A. 6) and (A. 12) yield
1 e -j0 1 d
V), = e p—— e g m™ . (A.15)
1 joe S m_w B: dg ‘Te
Equations (A, 11) and (A. 12) yield
i, = —123 e . (A.16)
p
e
Gauss' law for the electric field is
8E1 Ll
-a-z-— = q ) (A. 17)

From Equations (A.17) and (A. 7), we obtain

9 . , o
7z (‘1.1'+_]w°E1) =0 ,
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pm——

or

i (A.18)

1+jwe°E = 1 ,

1 c

where ic is éalled total current density, This must.be zero for-a truly
one-dimensional problem, since an actual physical arrangement of infinite
lateral extent obviously cannot exist in reality. A current flow of finite
lateral extent must be considered, therefore ic must be present in this
case; in an external open circuit, however, ic would have to be zero.
Upon the insertion of Equations (A. 14) and (A. 16) into Equa.tion '

{(A. 18), we have the following wave equation for = :

/ \
2 B L7
— dm. 51?.‘-;5 o i 7= el
Ko € "o
! -— l-—
\ ﬁe ﬁe
\ - )

o -
Bz e
: o
or, since J = -p v _,
o oo
dE0 -Jo
;- v . (A.20)

~ 1 ]
2 d | B-e_ - e
0 gy |—————75| = -z E . (A.21)
22 m, o
[¢]
A
[__ e
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1
B 2
g i - = EB (A.22)
e 402 2\1/2 B2
] - — °
pE

d 1 dn | _ , JF
dg N3/2 | 7 <
K
1 -2
‘F;Z'
€

The general solution to this equaiion will be

2 3/2 .
™ Ko .
™= c, -ji el P — dé + c, ) (A.23)
1 o p‘z,,,; o 2 :
¢/

where the integration constai.te <y and <, are to be determined from the

a-c boundary conditions.

Now, we collect our expressions for the various a-c quantities:

pZ
R g L , (A. 16)
1 2
Pe
. pZ
E = et (i -i) = — PR -G (A, 24)
1 Jwe c 1 Jwe | c Bz
e
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LA

e i A g <A

e e g,

LAY Y

(A. 25)
d eo‘ eo 2 eo
E, 1 a P -je
vV, = E dz = — d8 =— (i_ _-.% e n de
e Jwe Pe ﬁe (
[o]
e0
1 o 0
= - Cd-_l‘;- e r de , (AL 26)
Jwe pe [ '

where d is the distance between the electrodes and Go is the correspond-

ing d-c transit angle f Be dz;
0

[}

The a-c gap impedance per unit ar:a is expressed by ZC Vc/iC .

For a cold gap (i.e., ﬁp =0or J =0, Z_ = l/jwco, where c_ eo/d is

the cold-gap capacitance per unit area,
In order to solve the integrals appearing in the a-c Squations, (A..16),

a-
w2/
(A.24), (A.25), and (A.26), one has to express [l _;_’. and B in
e
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terms of 6. If V is the d-c potential difference between two planes, one

gets from Equation (A. 4) the energy relation,

- l = ‘ (A. 27
c 17z 1‘ m, v ., (A.27)
o)
1 - BZ—
e
which can also be written
1 - B
B: I T ' v 1/2 :
— 5 | v [t : (A. 28)
K> 12 ° n n
1 -2
- Ez_
e

2 . : :
where Vn =m ¢ /e is the equivalent potential. Integrating Equation (A. 22)
and using Equation (A.26) as a boundary condition at 6=0, V= Va ,

=6, V=V, , we have
o b

1 1/2
Fe p2 0 1 ]2V b /
s = P 7 (0-0) +p _(1+_
KZ 1/ pe . o || Vo \" 2V,
- o
] =
ne/
2V v V2] r2v v \11/2
. ____<1+L> o , 1|%%a(  "a
Va 2V, 5, K|V, A

(A. 29)

Denote tha right-hand side of Equation (A.29) by S(6) and solve.for 1 /B

‘ K2 1/2 :
and -2 : i of
BZ
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e R

b s v e PE WO ST T T

1 8

B‘—‘ = 172 : (A. 30)
e @ FK sz)
1/2
fi; = ! (A. 31)
- —7 . .
Pe t(l + Ki sz)

Since S is, a]icnown function of 6, it would be possible to eliminate.

: 1/pe and |l - —23> from our a-c expressions by Equations (A.'30) and

(A.31). °

Finally,. we express the distance as

]
o

9
e

From this, we see that a d-c¢ transit aﬁgle 60 ¢an be expressed

v 4o . (A.32)
@ +1< s )

interms of J , V_, d, and w.
o a

b’
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APPENDIX B

DERIVATION OF LLEWELLYN'S COEFFICIENTS BY THE USE
OF WAVE THEORY IN THE NONRELATIVISTIC CASE

The wave potential m reduces to the following form in the nonrela-

tivistic case:

E ]
1l

L8y oL
f(cl -Jie )de+c2

. . j©
= c19 - ~1ceJ tc, . {B. 1)
The d-c relations will be
2 : 1
d 3 2
) s
= 2 (B.2)
ae? p3
Integrate Equation (B. 2) to give
SO O R
‘DT:__.H.G__:-B—:;G +;—2- , {B. 3)
e

where a, is the acceleration at an arbitrary plane and a, is the accelera-

tion at plane a (the initial position); then integrate again to give

v ‘ﬁz a v
_2=_1__=L_262+__e+_a
w ﬂe 2p3 W w

Here Vo V, are velocities of any arbitrary plane and initial plane respec-

tively, where
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PO

e 2 R 8 o | T

nm

RN

R
- - R

2 eJ
)
B = ——
P m e v3
00O
p3 - w3
e '? ’
o “*
2
B .
i, = B0 , (B. 4)
1 2
Pe -
% ﬁz
_ 1 _ 1 . _.p _-i9 5
E1 = T (1c-11) = Toe lc -p—z- e 1r‘ , (B. 5)
° e

(B. 6)
Here 6 - 0, i‘l - ila’ Vi = Vias B_p *‘ﬁpo’ Be - ﬁeo’ and from Equation
(B. 4):

22
g
= B2 - i
la = B2 (e, lc) ’
eo
therefore
2
_ Peo i +i | : (B. 7)
CZ, = -p—z—-— la e . .
po
By Equation (B. 6)
1 e : W a'a.
Via © 3«:_50 m_w (Cl -hng - g ’ :Z' (CZ - ‘1c)
2
a B
1 e a €0 :
% T jee. mw ley - - & 7 hatlc e "
o B
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therefore

we M w a {32

c) = - j =2V, 4 i+ 22
1 € la c  wv 2
a p

’po

P

2 B
P e 1ije-el® 4
2

2
A
Be

]
-

2

€

c a2 la 2
B b

W

o]

2
B- we IR

e s -jé
-.v ) — Qe
la
pe
where it should be remembered that
2 e Jo 2 e Jo
ﬁp = ’ ﬁ o =
m e v P me v
oo oo
{
; aZ _ wz‘ ﬁ2. - wz
e v2 €eo ve
o a
’ After a little manipulation, Equation {B. 9) reduces to
i ‘ '
| J ; . J
= eme we op et vyl pe 2
"0 0 o {jw) 2 "%0 Yo
-39
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la '

2

(B. 8)

Substituting Equation (B. 7) and Equation (B. 8) into Equation (B. 4) gives

(B.9)

(B.10)



B e

e e Sy ol g g S S 4k

If written in Llewellyn'"s form, Equation (B. 10) becomes
R * . * ‘
i, = G 1C+H i + 1" v, . . (B.11)

a la

By comparing Equations (B. 10) and (B. 11), one obtains the following:

=22 L [1-e9%0 e'Je]
€ Vv RV
00 o (jw

3 o ‘

H* = [1 L _e o 2f 08 (B. 12)
: 2 ™Mo Vo ‘

* Jo -j@

—
[}
'
s
|
D
o

= - i®
Vi= jwe. m w 1 ~do (c2+c19 1.© )
(o] B—
e
2
B a
1 e -jo ( o] \) P a ( JG)
= c, -ji e e | = +—=| lc,+c., 6 -1 e
Jwe jm 1 c o ‘32 W 271
1 e [ - jo 2o jo j0
= -i {l-e” )-—— (l-e" " -jBe )]
C (Jw)z moeo ! _].wvo
[a T in . a. T .
i e 1 5 | 5= -1] : e--.]9+v1a 1-—2—| e® . (B.13)
o o {(jw) L 2v, o

Compare Equation (B.13) to Llewellyn's form,

*
vI:DiC+E*ia+F*V‘ (B. 14)

1 la

-59.



Then.we have

. a .
p¥ = .1 __=¢ [(1 --e'Je) (1 e L j0 ef‘Je)] ,
RV R £ L9 : Jov
(jw) oo o
‘ , a T iy
E¥ = . ¢ 1 o _1| jeed® | (B. 15)
€ L2 v
o o (jw) o
a_ T s
F* = (1 - °_ -j0 )
v _.
o

where T is the d-c transit time, and 0 = wt.

For applied a-c voltage across the gap,

‘ 2]
d ‘o El
VC =[-El‘dz=[ B_de ,

e
(o] o

where E.  'is given in Equation (B.5). Substituting and integrating gives.

1
2] ‘ 0 7]
° g o o pZ o o R *
_ D U d p -j C ;
vc'-m_/- B de = Joe 1‘: [ - "3 f e (c2+cle -ie de |
e o e ]
o o e o
2 2 . . 2
B c : B [ -j8 -8 B
= 3?»‘1{' id+ —% _jz_ (e 9.1 - CH % (jeoe "% e ° -1) + _% i 8
° Pe Pe Pe
(B. 16)

Substituting Equations (B. 7) and (B. 8) into Equation (B. 16) and rearrang-

ing gives
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e e e e e

ol e s Tt T

’ eJ -j6 =j8 \]
‘ . 1 R o | ““o . . o
VC ] cm— [(_]w) d 4 c (Z -2e - ‘]eo - Jeo e . )]

¢ e‘o(jm)‘1 ) o™o
. | -jo_ -jo_ - -jo
+ i) - [a (je e %+e °-l) + jw v (e ° .
a". ,. .3 al o | a A
€, (jw)
.'I,Q -_jeo --Jeo
" Via -— 'jeo‘e +e -1 . (B.17)
€ (jw) ‘

Comparing this to Llewellyn's form,

_ A% x *
' ‘ Vc = A 1C+B 11a+C Via s
we have
eJ -jo -j6 \1
A¥ = L [(J&)3d+ ° (z-z e ©-j0 -j6_e °\)] ,
. 4 me oo ;
€ v :
‘ -jo -jo_ - -j®
BY_ —1 _ [a, (je' ‘e %t+e °-1)+ jwv (e °-1>] ,
. 3 ay o A a
e Ljw)
J -j6 -jo -
c* _‘_02 (jeo e %46 0_1) . (B, 18)
e (jw)™
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APPENDIX C

| THE DERIVATION OF THE RELATIVISTIC EXPRESSION
'FOR THE CHILD-LANGMUIR LAW

Poisson's equation is

4’y p Io
—_— = . —_—= . (C. ].)
dzz‘ ¢ 0 e‘ovo

From the energy relation,

eV = mc , (C.2)
solve for v_ .
, 7o)
/‘ 2eV '
VQ = ™ L . (c- 3)
o
where
Z !
v rnoC 5 ‘
7 = = 5.11 x 10” volts . (C.4)

Substituting Equation (C. 3) into Equation (C. 1), and by binomial expansion

to the first order, one gets

V.)Z
1+
v T T [T s
dz € Vo v 2eV (1+E ﬁ)
J m
o o 3 Vv -
= — l 4 = —— .. C.5
€, V 2eV ( 4 Vn) ( )
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Multiply 2(dV/dz) on both sides, then integrate:

2

- 3 : |
e

}

n
1 vV
1 -— +C P
( R )
dav . .,
where a—:O-, when V = 0; therefore C =0, and . .
z :

4F m
= /== [==2 vi/4 (14 L2
EO Z‘e 1 8

Integrate Equation (C. 6) again to get

- ' , 1/2
av 1_.1..__V_ = _.4J° ,3 dz + <
v1/4 8 V) €, V2e ) 1
7
n 4

MIO

(C. 6)

:s<!'|<1
e

or
v3/4 47 [
374 Te
where V=0 at z =0, therefore ¢y = 0. Therefore, we have

>

sl ) SR e

Square Equation (C. 7) to get the final expression for the relativistic case,

(C.8)

T Tl (1-1_11)

o 9 Jym, 42 28 Vo /

But in the nonrelativistic case,
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5 _ 4eo _%f_ V3/2 . . 9)
o{non) -~ “§ m_ T2 ! '

therefore Equation (C. 8) may be written in the following form;

o - Y ' ‘
Ty = Ty tnon) (1 = Vn) : (C. 10)

To find the slope of the static characteristic, we can take the derivative of

Equation (C, 8):

Yo _ kf3 y-1/2_ 3 15 -3/2)
av 73 28 V, 2 "
= 3 kyl/2 (1 L2 vy (C.11)
where
J
4 2e 1
K = ° = = P R N C.12
Py R PR WA g fofm; 2 (c.12)
28 V,
then
-’1-_3__V)
_av 2 1 2 v3/2 ( 28 Vy
RT3 73 5y - 37 :
o Kv1/2 1-__v_V_) o -2V
28 V_ 287V
3/2 i
=2V .2 VY) L+ Y ) (C.13)
37, 28 vV, 28 V,

Substituting Equation (C. 10) into Equation (C. 12), we obtain

R =

2 v¥% (s vy _ . '
3 Tomom) \ 28 V) = Tetmon) {' Y78 ¥ '

(C.14)
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where

i .2 .'V3'-[2.
c{non) = 3 Jo(non)

is the slope of the static characteristic of nonrelativistic case.
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APPENDIX D

RELATIVISTIC BEAM-LOADING ADMITTANCE IN A KLYSTRON GAP
‘BY THE BALLISTIC APPROACH '

‘The equation of motion is

d“ v

e
: = - = E . D.1
dat . 2)1]2 m_ ( )
AN |
cz‘l“
Expand 1
v

2 1/2
v
-z
‘ c
by Taylor series to the first-order; since v

1<v0,weget

v ‘ v
o d o)

v
= = + v
: 2 1/2 21/2‘ 1 avo 2 1/2
l-v vo ‘ v0
& ‘=z B
A c . ‘ c2
: vo vl
= D. 2
177 + 37z (D. 2)
A v
1 -2 1 -2
( c? c

Separate Equation (D. 1) into d-c and a-c parts and express the a-c part as

d 1 1 dv, e V1 .
I L7 N (- J— . = — Ssln wt
TN 232 NG
' v, v ,
1--—z~> 1-—-2—
c c

(D. 3)
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where A is a constant (since Eo =0 for Vo= VB in the gap) and is

E =-V, sin wt/d.

i Integrate Equation (D. 3) once:

& ‘ o

I 3/2

“‘ -vi e Vl

¢ v, = ) [ e {- cos (»)t)‘+cl )

E ) cl | o

!

x J where t = to » V)= 0; therefore

5> .3/2

i e Vl Vo

’ cl = W 1 - :Z' cos wt ,

i

r

‘ and vy becomes

}

i 2 3/2

e Vl : vy

h Vi * wmag | 1 - -% (cos wt@ - cos wt) . (D. 4)

! e} c i

’ The total velocity should be

: . 2\3/2

? dz ‘ ® vl Vo

i v*-_-‘Et_=vo+v_l=v°+-m—‘m- ‘l""Z' (coswto-coswt)

‘ o] C

(D. 5)

: Integrate Equation (D, 5) again:

i

: - 21\3/2

; e Vl Vo 1 \

:1 zZ = Vot + W 11 - C—Z (t COS8. Uto - a 8in wt) + CZ ’

3 where t = to , 2= 0; therefore

2\3/2

f; e Vl v 1 .

c, = Ec-)m- 1 - :Z— 1 (; sin wto - to cos wto), - voto H
‘-.67-




hence we have

2 3/2
e V1 Vo
z = Vo(t - to)' + W {1 - :Z (t - to) cos wt_
3/2
e V1 v(z)
+ — ] - =} (sinwt - sinwt)
m -w2d c? °
o
By the energy relation,
m c2 —_— ! -1 = eV 4 .
° 2
Yo
1] o —
cl
Solve for
5 \3/2
v
] e
3 ’
I~
n
and
(1 + 3 l)
2 2eV Va
v, = =4 > ,
" e
Va
. 2
where V._=m c“/e .
n o

If we let VI/V = a, and d-c transit angle _ ='wd/vo , then

eV eV e V.v
1 _ 1 _ I )
mo;i mvﬁ m v%e
ooV, 00 o
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Substituting Equation (D. 9) in the preceding equation gives .

R
TR R Vn - o vn (D. 10)
m""oa?»‘ 7_.v6; ‘ 1 v T 28, ,l v ) )
. Z2 v, ‘ 2 Vv,

Then z in Equation (D. 6) with Equations (D. 8) and (D. 10) will be '

av
e e () ) 1 ) . .
z = vo(t-to) + W T T —% (t - to) cos wto
(o} 1 +Z =] {1+ :
Vn/ ALY,
Vo 1 ; -
+ T IPRAN AR (smwto- sinwt) . (D.11)
’ 2 v,/ Vv,
If + is the transit time for the gap, t - t, = and gives the re-

lation,

€lo

SR
v
o

(D. 12)

The first term in Equation (D. 12) is the d-c transit time, and the second is
the a-c transit time. Substituting z=d, at t= to + T into Equation (D. 11),

where T is given in Equa.tion (D. 12), gives

v 6. )
d = d+ — T cos (wt - 0 )
w 1+‘_l) 1+l °
2 \ v,
o 1 . .
in «0 ) -8in wt y - . e
Y T + L X \h+ XL [sm(eﬁ o) ] (B 13y
2 v,  Vq,

where we have neglected a8 terms, and approximated sin (wt - 910 - 8) eqﬁal

-69-




to sin(wt - 90) andt cos(wt - 60 -8) equal to cos(wt - 6»0) , 8ince we are
basing our derivation on small-signal theory.

From Equation (D. 13), solved for 6:

26 (1+
o]

1

R

[sm wt(l - cos'e0 - 90 sin 90)

=

n

+cos wt(sin ~(+‘0 - 90 cos 90)] . (D. 14)

‘By Ramo's theorem, each electron induces a current pulse, ev/d, into the
circuit across which a voltage Vl sin wt is applied. Now our current at
entry is .Io . The current ihduced at time |t| as a result of the charge

entering the gap in the interval ~|dto‘| between times ljt0 I and to +dto is

Jo
di = —— v dt. iy
d o
hence
i,
i = = f v dt ) (D. 15)
d (o}
t-T
and with v given in Equation (D. 5), we have
J r av sinwt
i= = |vt + 9 r _ -t _ciswt|
d °° 20 fit+-f1 4= )\ ¢ °
- ° \ tvn\ 2 .Vn
Jo ] Yo 1 sinwt - sinw(t-7)
= 2 v T+ - -Tcoswt||
d |0 T2 14 X)[1+L X @ ‘
L Va 2V,

With the value of Tt and-& given in Equations (D. 12} and (D. 14), we get
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1=J l+ . z‘l- e -‘e L e . t
° 202 14Y) [1+4 <X [( (1-cos8 )-8,8inb ) sin w
v A
o -V ‘ vn )

+(28in® -6 (1l +cosB ))cos wt] .
o o o ‘

(D. 16)
Compare this to the following forni,
i = Jo + -V'les-in wt +‘VIBI cos wt (D.17)
therefore
G = %o 1 [‘Z‘('l -cos8 ) -0 sind »)]‘ (D. 18)
T 202 1+ L)1+l X} ¢ ° o od T
©° Vi z Vn
G, 1 S
B, = ~ [Z’s’in‘eo-e (I +cos® )]" , (D.19)
202 1~+'VV-) 1 +%l ‘ o °
° n i Va
where
J
G = _0
o v
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ABSTRACT

‘l

This investigation uses ballistic theory in the analysis of the behav-
ior of an electron beam passing through alternate gap.and drift regions,
with the gap reégions having excitation fields. The analysis develops the
response to a complicated frequency spectrum of the drive signal. First
the double frequency case is analyzed. Relativistic effects are taken into
agcount. and their influence on the current response studied. Then the
theory is extended to the more complicated case of a Gaussian spectrum.
The first-order bunching theory is used to plot current response curves.
An estimate of the pulse distortion resulting from nonlinear electron beam
dynamics is obtained from the curves, It is also of interest that the envel-
ope shape of the exit current is almost completely independent of the r-f
frequency. The large-signal, finite-gap analysis is carried out, aﬁd the

results extended to the multiple-cavity klystron.
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I. INTRODUC TION

A, OBJEC TIVE
Many stages of development followed the invention of the klystron

by the Var1an brothers in 1939 Unt11 now, most of the analysis and dis-

Y,

cussion has been 11m1ted to the case of a contmuous wave drive signal.

The purpos‘e"here is to open the door to investigation of the numerous prob-
lems associated Withv the use of pulsed microwave amplifiers for amplifi-
catlon of nanosecond pulses whose pulse lengths are of the order of several

cycles of the r-f carrier frequency The main concern is with high-power

‘ amphﬁers w1th average power capabllltles comparable to conventlonal

pulsed ampl1f1ers thus for comparable repetition rates, the peak power

it

‘would be hlgher by the inverse ratlo of the pulse lengths.

Several factors may be 1mportant in determining the pulse response
capabrhty of hlgh power amp11f1ers such as the klystron. It follows from
Founer analy‘sus that a long pulse of constant carrier frequency 1ncludes
a narrow bandwldth wh11e a pulse that is short in terms of cycles of the
r-f carr1er has a broad frequency spectrum The spectrum of the long
signal can, however be s1gmf1cantly‘ broadened by introducing modulation.
Klauder3 showed that to utilize the transmitting tubes efficiently, this modu-
lation must take the form of f‘r'yequevncy modulation. By this method one can’
introduce the frequency-spread characte‘ristic of a short pulse within the
envelope of a long- durat1on 51gna1 Klaude‘r4 also showed certain advantages
of short constant- frequency N r- f signals over the long signals with linear

frequency modulation. ‘This emphasizes the importance of nanosecond pulse

studies. One of the problems that arises is that the broad frequency spec-



trum associated with the short pulses might be affected by the bandwidth
of the circuits associated with the amplifier, which will limit the response
and the¢refore cause distortion of the pulse. Operation of the amplifier at
maximum efficiency entails nonlinear behavior in the electron beam dy-
namics. This will cause the frequency spectrum of t! output pulse to be
altered from that of the input pulse and produce distorti'on. Ballistic theory
will be utilized to determine the response of klystrons to the complicated
frequency spectrum and lead to an estimate of the pulse distortion.

Studies in this direction will provide a solution for the conflicting
requirements of long range and high resolution in radar systems. Re-
solution depends on the transmittéd pulse bandwidth, and nanosecond pulses
will, no doubt, satisfy the conditions for high resolution. For long-range
capabilities, large power requirements are necessary; hence, high-power
nanosecond pulses are expectéd to solve the two conflicting radar require-
ments. Radar systems that yield simultaneous information about the range
and velocity of a target wo‘ul-d be useful in certain applications. Klauder4
showed an inherent ambiguity in a simultaneous determination of both the
range and velocity of a mo%rihg target, when using the so-called ''chirp"
scheme. If the transmitted signal with an ambiguity function that is highly
peaked only at about t = 0 exists, then high resolution is expected in both
range and velocity. Using analogs from quantum mechanics, Klauder showed
that the sequence of signals, f(t), that satisfy these conditions are:

2

1/4 -
f(t) = Y H (WE) e 2 ,




ot >

where Hn(z) represents the ath Hermite polynomial defined by

ar e_zz

Z‘
H (2) = (-1)" eZ
dzn
When n is taken equal to zero, the Gaussian envelope, on which this analy-
sis is chiefly based, results, Further details on the Gaussian spectrum are

given in Appendix A.

B. MODEL

Sin‘ce a 6ne-dimensional model of the electron beam is used, 2 uni-
velocity electron beam is incident at the entrance plane z = 0, moving in
the +z direction in confined flow, This assumption of a very strong longi-
tudinal magnetic field will depress the potential at the center of the beam
so that peripheral electrons travel faster than axial ones, introducing a
phase difference between the radio-frequency current carried by different
beam segments, This difficulty is overcome by assuming the existence of
.a thread of positive ions along the axis of the beam, just sufficient to neu-
tralize the charge density of electrons; thus, the effects of depressing the
potential across the beam caused by space charge are neglected, and so
also are variations in electron velocities caused by. thermal noise. Elec-
tron velocities are assumed small compared to the velocity of light, per-
mitting a nonrelativistic treat'ment of the problem. In the analysis of a
double-frequency signal, however, the change in response caused by rela-
tivistic effects is studied. The electric field is assuméd constant through-

out the cross section of the klystron beam.



II. RESPONSE OF KLYSTRON TO DOUBLE-FREQUENCY INPUT

In this section, the response of a klystrou to a double-frequency

input will be treated. The signal is. V = V, sinw;t + V, sinw,t. The

1

] | T
A°= __".9Al Az I IAS

b HE

GAP | |1 6AP

™ | | /:/?

L DRIFT REGION |

| - { 3

Lo L

! P!

! A

four planes of reference in a two-cavity klystron are represented by
Ao , A1 , A2 s A3 » and the subscripts o, 1,2, 3, respectively will be

used to identify quantities in the respective planes.

A. FIRST GAP

Applying Newton's second law of motion, we have

de eVI' eV
—_— = sinwlt + sinwz’q H
therefore
dz eV, eV
_— T e—— coswl.t - cosw‘zt + k‘l .
dt mdlwl mdl‘m2 :




where k1 is a constant to be determined from the initial condition; at t = to ,

the velocity dz/dt = u_; therefore

-

A _ ., eV, cogulto cosw,t . eVZVj!‘,‘ cosw,t cosw,t |
- — o ,‘ - g -
dt md1 wl wl ‘ md1 ‘ wg w,
(2. 1)
Integrating agaia gives
'eV., cosw,t eV_ cosw,t
z = ut + I lo + Z 2 9 -t
eV- éV
- sinw,t + —— sinw,t <k
. 1 2 2 2 ’
mdlwl mdlwz

where k2 is a constant, €valuated by inserting the initial condition: at

t= to , the distance

z = 0; therefore

eVl cosc.nlto eV‘2
% = [uo + + 3 cos wzto] (t - to)
md‘1 wy m 192 ‘
e'Vl ’ eVZ
- (sinw,t - sinw.t ) - {sinw,t = sinw,t )
md ‘ 1 1% md. ol 2 27
199 192
Putting
e s AU b QY
e ’ o T ’ = ’ - = ’
VO 1 Vo 2 u 1 uo 1
gives
e u au,
z = |u + © cosw.t_ + cosw,t (t -t) +
[e] ! 1o I 2o [e)
2¢, 2¢



a,u, a,u
4+ —— (sinw,t_ -sinw.t) + " (sinw_t -sinw,t)
24" 1o i 2¢”w 20 2
19 192
The distanceis z=d at t =-1:l , where
t, = t, + T, |
4@ 04
I, = transit time in first gap = = Yo
o o
61 = correction factor,
w; + w,
w_ = , m andn being two numbers defined by
o m+n
W, = W .

Substitution of this condition in Equation (2.2) gives,

a a
d = uy l 4 — coswlto -
2¢, 2¢,
au
+ ° (sinw.t -sinw t) +
! lo 1
2619,

2
+ — cosw2t°> Pl

a,u
2o

- (mnwz.to - Smwzt)

2¢1 w,

The following assumptions are made:

sin | 'v “, 5
cos \“1t %1 -5 &

(o]

€

sin 1 2
cos (th - <|>l T e 61)

ol (“’1t - 4’1)

- COos \

sin

cos (th - ¢"1')3

. (2. 2)

-, = mwo and

1

(2.3)



o T A . S g

s YO} T A R

g e o

The products. albl and 0261 are negligible, and Equation (2.3) reduces to,

u b a, d Q
o

1 19 . 29, o 1% )
- = — cO08 (W, t-9.) + ——— cos{w,t-¢.) + [sin‘;(w t-¢.)-sinw t]
w, 24 1 1 St AN 26'w | 1 17)
‘71 1. .. KR! :
4 azuo “‘ _ '
, Lot — [sin(wz'q -¢.)) - sinwzt]
" . .Zcb'“w P 1
: 172 "
CI'ld ) 1 dl "
o = . (co8w tcos 421' +sinwt sind. ) + “{cosw,t cosd, +sinw,t sin¢!)
. 2¢ 1 1 " 1 1
1 1
o"]uO i t ' -l
"4 i sinw .t cos$, - coSw,tsind - sinw,t
- 2,¢‘:|‘D'] L 1 . 1 1 1 1 ]
“ -~ u
+ ('12“0 [sinwzt cos Cb'l' - cosw,t sin d?'ll - sinwzt] ,
R 2¢1w2 E ‘
therefore’ g .
5 .o o, A ! o . o l ‘
1= 2¢'m4[(‘1 -CO'S‘¢1 - ¢1 sin d>1) sinw,t +' (sin ¢1 - 41 cos ¢l) c;oswlt]
K l"' . IR i . ' e .
n ‘”' rfl ~cos ¢>'l' - ¢'1 si:nd)‘ll) sinwzt + (sin d;’l' - ¢'l' cos ¢'1') coswzt]
. e . .
R .

(2.4)
Thus, the expression for the correction facter as given by Equation (2.4)

is a superposition for each frequency, considered separately. The induced

current is calculated by Ramo's theorem; i.e.

t .
_ ”IO [ o eVl ‘ coswlto cosgolt "
1 T — {a, + — -
1 d S md; W, W,
1.
t-J




eV, /cosw,t CO8BW,t
b =z 2o _Z2 dt,

1 u sinw,t-sinw. (t-T,) .
=2 uol"1+l?[ lw L. 1 -I‘lcoswlt]
dl 24)1 1
u_ rsinw,t-sinw,(t-T,) -]
+ 2 ?' [ 2 5 2 1 - 1"1 coswzt]‘
= - I

After simplifying, and in the process neglecting mbl cosw,t and nél cosw,t,

"we have

1-cos ¢'l sin4>1 /sin ¢'1' 1 4+ cos ¢|1

=1 +1 ¢ : - — | sinw;t + - - cosw,t
24} 2¢) ¢'12 2¢)
[[1-cos ¢'l' sin ¢.'l' {sin ¢'1' 1 +cos ¢;'
+1 a,ff - | sinw,t ¥ - cosw,t
o 2 w2 2‘¢u 2 “2 ) 2¢'.' 2
24, ey ¢ 1
(2.5)

:From Equation (2. 5), it is evident that the effects of ‘the different irequency
components of excitation on the induced current are mutually independent.
'The double-frequency case can therefore be extended to the multiple-fre-

* quency input, and it can be concluded that the diffefent frequency effects

"are independent of each other, subject to the approximations made in this

section.

B. DRIFT REGION
Thus the electrons enter the drift space with both velocity and current

modulation. From Equation (2. 1),
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eV, a8, eV, 4 &
U, =u +——"" | cosSw [t,cm= ~ ==] -cosw.t,| + e [cOos W, [t, - — -
1 o . 1l u w_} 171 & 21"1 u
mdlwl ‘_ fo) o mdlwz A [e]
-cosmztl
Resorting to approximation made in Section A gives
. ' . 1
sin ¢, 5 sin¢, 4
u, =u +-l-uc1——2'———sin<.o‘t-—1 +lua—-§—+sinwt-—l
1 o 2 ol 1 1'1 2 2 o2 1 7271 o
? 8! ‘
Z 2 |
(2. 6)
Putting
1 . 1
ind)l s1n<1>l
2 _ 1 2 _ H
¢| - ﬁl I ¢” - ﬁl ’
1 L
2 2

"where [31 and [3’1" are defined as the gap-coupling coefficients for the re-
spective frequency components of excitation, gives the time of arrival at

plane A‘Z as I

‘ . ¢. : ¢.,\_'|
1 o l\ | T 1
u 1 +-z-alﬁl sm(“’ltl'T/ +-i-a2[31 sm(wztl--_z—)l

For small excitations, we get

10)]

- t 1t i

6 & ]

1 1 v 1 1 an . 1\ ]|

t2 = t1 + T 1 - z— alﬂl sin (wltl - -E azﬁl sin “’Ztl - ——2 _l

[e]

—



i ‘ . o n "
dt, 1 §»1 wlalﬁl ¢1_ wlazﬁl CIN
=1+ e |-—=———= cosl|wt;, - =] - ——— cO8(w,t, - =
dt, v, 2 1"l 2y 2 ¢l 2

The equation for conservation of charge gives,

i, =—— = : ° . (2.7
dt dt dt
1 1 o
a, 5,
Again t, =ty t ' =t +— + — ; therefore
o 1 o u w
o ‘o
\
dt) . d (51: '
— = 1+— | ,
dt, dt, o

as d1 is independent of to» and

-

d_t.l_ =1+ —Q-lT [(1 - 4:' sin ¢'1 - cos ¢'1) cos (w’lto* ¢'1>- (sincb'l- ¢'1 cos¢’l> sir'1<w1to+ ¢'1)

+ ;ﬁ? [(l -¢I sin ¢I - cos¢lll) cos G»Zto+ ¢'1') - (sin¢lll- q>'1" cos&;l') sin (w2t0+¢lll>j '

As a result,

1 1 ! 1" "t 1)
=1 ‘l 51'1‘1}31 cos |w.t ¢—l - S—l-a—zp-l— cos [w,yt, - f—l-
- 171 - 2 2 ¥ 271 2/

12 5% 2

1+ ;;T [(1 - ¢'l s'1nc1>'1 - cos ¢|1> cos(wlto+¢'1) - (simbi -¢1 cos¢'l): sin(wlt‘o+¢'
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e R

R —

-y

-1
. z‘% [(1 _4);- an¢i' ) cos¢"1'>: ’cos‘(wztor +d>i') - (sind:»'lI -<1>11l cos¢’i‘) sin(uzlto+¢1‘)] :
(2. 8)
where

oo 915 wo_ 925)
S = , S =
1 u 1 u
o o
With
sin ' _ sin
cos (wlto * ¢l)‘ ~ cos (wltl) '

and with approximations similar to those made previously, the current iZ‘
can be expressed as a function of ty, and hence t, .
The periodicity of iz is obvious, and therefore 12 can be expanded

in Fourier series as follows. First, t, will be reiated to to’ as follows:

d S . i " ¢ll
_ ] 1 1 Vo 1\ 1 1
tz = to + -1?(; + -lI; 1- E Qlﬁl s1n (wlto + -E-> - E Qzﬁl s1n (U)Zto + -—2—) N

i, e., the term 6,/wo is neglected, while the approximations with regard

to the sinusoidal terms are justified; then

i, = -;- a + i a cosn(wtz -8 - cj)]) + ibr co:sn(mt2 -5, - ¢1) s

r=1 r=1
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and
1 ; Io
a, = = fag cos .r(wtz - S‘1 - cbl) d(wtz)
-1 —
dt,
w Ty 1
1 v, ( ¢’l‘ T ¢1
= - I cosrfwt -k, sinfmwt + — |-k, sin{nw t +—|| d(w_t ),
™ | o oo 1 \ oo 2 1 oo > oo
-7
us 1 t
b 1 \ k' sin | %\ K" s *1\|
r <o ‘I>0 sin r woto- | sin mwot0+—é— - k, sin nwoto+? d(woto),
-
(2.9)
where
! " ——
o SiePy no o S14P)
k| = —= %t | kl' = 4 — =2
1 2 1 2

The coefficients a. and br are simplified by a method indicated in Appen-
dix B.

The general equation of motion has to be formulated for the calcala-
tion of the induced current in plane A3,‘ and the method adopted is similar
to that used in the first gap, with only the initial conditions different. This
is done later for the more complicated Gaussian spectrum and will be
omitted here. The main purpose of this section is to show the absence of
intermodulation of the different frequency components at the outplit, subject,
of course, to the approximations made, It must be stated that the precedin'g
analysis was based upon frequencies W, and w, not being very far from
the central frequency W, in the frequency spectrum, i.e., the numbers m
and n should not be much greater than 1. As the main purpose of this study

is the extension of this analysis to the response of a klystron to short pulses

-12 -




1

with a narrow bandwiéth of frequencies, the assumptions made are com-
patible with the condition desired.’

No account has been taken of the rela.tiyistic variation of mass with
velocities, This problem becomes especially sericiis when the beam voltage
is lérge in high-powér klystrons and where the very hard X-rays produced
present an additional hazard 1:0 the ope‘rating'personnel. A simple treatment
will be given of the relativistic effects on the response, using the same.
model as before. o

According to Einstein, nothing can move with, a speed greater than
the speed of light. Newtonian mechanics combined with this postulate de-
mands that a mass subjected to a constaint force rﬁu‘st be acceleréted till |
the speed of light is attained; but, as the force is still present, the speed
must still increase, which is impossible, This ambiguity is solved by ac-
cepting the increase of mass with véIocity, and assuming that mass is a
zr{gnv}fes‘tation of energy, the two related to each other by the famous equa-
‘ti;n_h‘w = éyzm s ;wherle; c 1s the velocit).r of light. |

Vo

An increase in rnass, dm, when accelerated,resuits in ¢ dm =

\

= dw = F ds, where F is the applied force over a distance ds. Newton's,

second law gives
F = 4 {mv)

therefore -

-szdl;n:_/’ad? (mv) ds=fvd {mv) .’

Equating the integrands and separating variables, we have

dm v dv

T

.13-




Assuming that rest mass equals m_. gives, by integration,

m = — (2.10)

the equation that demonstrates the variation of mass with velocity. In this

case, Newton's force equation gives

m u
d o

a't-——\/__-_T—
1 WY
T
c

With u(z,t) = uvor(z) + v(2) e‘]""t , where

u(z,t) = total electron velocity,
uo(z') = d-c heam velocity,
v(z) = amplitude of a-c velocity.

The basic assumption will be that v << ¢, which is justified, since
the signal voltage is not sufficiently high in practice to make the a-c velo-
city appreciable in comparison to the speed of light. Using the Taylor

series expansion, we have

u . u u
u - o + Vert d o) o _ o 4
2 2\l/2 dug g 2N/2
(l - u_) Y ‘ Y : Y%
‘ 2 1 - 1 - : 1o o
¢ c2 ;2. c2
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e e

g A e,

therefore
u jwt .
4 _° ve <= E . (2.11)
dt 2 ]‘/2 2 3/2. mo
u\ u
1-=2 1 -2
<z 2

As the excitation is variational, separating Equation (2. 11) into the d-c

and a-c parts gives,

— —_
N % = 0
dt | 2 1;2' ’
Y%
1.2
CZ —J
¢ —_
d B ‘ver e . . :
— = V, sinw,t+ V, sin t1 ; 2,12a
at N3/2 — [1 “1 2 st ( )
VAR N o-l
o
1 - —
2
L -
therefore
2 3/2
u_ e V1 coswlt VZ coswzt
vl\a c = - ] = — S + " i +k3 R
- c2 mo‘dl 1 2

where k3 is a constant evaluated from the initial condition that at t = to ,

vla‘_c=0. Finally
5\3/2
u cosw,t cosw.t
- . 1-_2‘ e v lo _ 1
Via-c m d 1 w w
c o4 1 1
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Integrating again and using the initial condition that z=0 at t= t,

we have
2 3/2
u V. cosw,t V, cosw,t \
o e 1 1% 2 A
z=|u +{l-— = + : ‘ ‘(t-to.)
CZ l’lf'.lod1 1 wz :
> 3/2
e 1_12 e V1 s1nwlto ) Vl s1nw1to . VZ smwzrto ] V2 .s;rantO
cz‘) modl w% w% w% w%

Now z=d at t= t, =t t 1"l . Following the procedure of Section A of

this chapter, and making similar approximations, we obtain the expression

for the correction factor in this equation:

Qa B I : .
5 SR N 1-cos ¢, - ¢ sind) sinw.t + sind. - ¢ cos . )cosw, t|
1 > [ : 1 1 1 1 1 1 1 1
¢l W, L
¢ Zwo [ 1 " 1] " " 11 \
l-cos$, -¢ sin¢ sinw,t + (sing¢) -4, cosg,)| cosw,t
1" 1 1 1 1 1 1 1 ‘
24?1 “’2 L :
2 3/2 .
vy '
1-—= , (2. 12b)
c

Equation (2. 12b) is very similar to Equation (2. 4) and shows that the
3/2
correction factor is only multiplied by a constant (1 -ug) //c2 when rela-

tivistic effects are included, Again, the total current induced as a result of

-16 -




SR it b

the passage of electrons in the interval to =t - 1"1 , and to =t is

1 t |
1 a fo
t‘-r‘l

Carrying out this integration as in the nonrelativistic case, we have

2 3/2 L I | [ 1\
ug cos<|>1 sin<1>l 'sin4>1 (1 +cos¢l)
i, =1 +|1-— I |a,{[1- - sinw. t+ - osw,t
1 o Cz ol'l 2 24! 1 2 2¢| 1
\ 26 ) 26 1
1 1

cos¢ ' sing. sing, 1+cos¢. .

1 1 . ] 11
tay 'l - - — sinw,t + - - cosw,t
“2 2¢|| 2 “2 2¢H 2
2¢, 1 2¢) 1
| .

(2.13)

From Equation (2. 13) the relativistic effects on the induced current
in the first gap are very clearly observed. The explicit effect on the r-f
current resulting from electrons at high beam voltages subject to the simple
approximations made sﬁould be noted. For a particular beam voltage, the
r-f induced current is lower by the factor (l - ucz’/c?') 2 when the rela- .
tivistic variation of mass with velocity is taken into account. A curve ha.sA
been plotted to show this effect {Figure 2).

For low voltages and hence low values of U, the factor (1 - ui/cz‘)?’/z

is equal to unity, and the result becomes similar to that derived for the

NP 1
nonrelativistic case. For uo/c‘ =17

1 - — = 0.999
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At a beam voltage of 10‘4 volts,

irf RELATIVISTIC

irf NON-RELATIVISTIC

()
L

>
T

?/1, 1 1

49 5
1o o) 10
BEAM VOLTAGE EQUIVALENT OF VELOCITY

Figure 2, Graph Showing Relativistic Effects on Current Response.
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III. BALLISTIC ANALYSIS

A. FIRST-ORDER BUNCHING THEORY
The problem under conéideration is formulated as follows: A beam
of parallel electrons which have been accelerated through a potential of V0
volt# is passed through the grids of a resonator across which there appears
a voltage 'Vlta"""c2 sinwt, . The resultant electric field is assumed paral-
. lel to the electron motion. Since the velocity of an electron is proportional
to the square root of the volitage through which it has been accelerated, the

velocity with which an electron emerges from the first, or bunching, resona-

tor of a two-resonator klystron will bel

BV .2 ‘ 2
Va = u \/1 + —ir-l- e 3 sinwt , = vo\/l + ay |31 e 2t” ginwt
o
where u_ = Ee— V_  is the d-c beam velocity, B, is the gap-coupling co-
o m o Y 1 g g

efficient (taking into account the effect of the gap transit angle), and a, =
Vl/Vo. Here ﬁl may not be related to the gap transit angle in the same
way as for the sinusoidal case, but it obeys the general definition of the
ratio of the velocity gained in the real gap with Vl across it to the velocity
gained in an infinitely narrow gap with Vl across it and, as such, is always
less than 1. The time tal:en by an electron to move a certain distance along
the beam depends upon the point on the cycle at which it passed through the
resonator gap as well as upon the magnitude of the gap voltage, If S1 is

the drift length, to’ the time at which the electron leaves the first resona-

tor, and t2 the time of arrival at the catcher; then

.19 -




t, =t +
-at

o _.
u, l+a1[31e sm,wto

Now, if the modulation factor ay is small compared to unity; then the fol-

lowing approximation is reasonably valid:

Sl 0'1‘61 -at
t, =t + — |l - e sin wt .
2 o u 2 o

To find the current associated with the electron bunches,one must
remember that the principle of conservation of charge applies to electron
bunches for an interval with corresponding departure and arrival times. The

electron stream is subject to the conservation of charge, so that

Iodto = j‘izdt2 l s

where '12 is the catcher current; Funce

I
i, = —3
5 = -
dtz
dt |
-0
1
_ o
S1 alﬁl -ati -at(z)
1+ = - |-2at e sinwt +we cos wt
uo 2 (o) (o] o
I
_ o
-auez/m2 ad -a.ecz)/w2
1 -k [e cos O -2 e sin ©
o 2 (6]

_2‘0_




sk A

I
. : S , wS1 Q"lpl a.lﬁl
where the bunching parameter, = 5, ——
v, 2 12

is aperiodic, it cannot be represented by Fourier series, contrary to the

. As this expression

analysis carried out by B’eckz for the pure sine wa.ve.’ Since the catcher re-
sponse is desired, it has been found convenient to plot the output current
versus t2 for ;iifferent bunching parameters, similar to the treatment
given by Spa.ngenburg1 for the sinusoidal excitation. Since i, = f(eo), =

= f(-eo) the curves are expected to be symmetrical. If the Gaussian spec-

trum is represenf.ed by Ve'a't cos wt, then

-aez/m2 . afd -aez/w?'
l+k|e ° sin® +2—2e °
o w2

cos©
o

‘In this case iz‘ = f(eo) # f(-eo») . For negative values of 60 , we have

I
. - o] )
E 2,2 | 2,2
-aeo/w ah aeo./w
1 -k |e 8in8 +2 =2 e cos 0
o 2 o
w
The choice of a/wz is governed by the following consideration. The
o \ I

envelope has its maximum value at t= 0 (since the envelope is Ve at cos

wt) and is supposed to fall to. 1/e of its maximum when wt= 10w , so that
10 r-f cycles are enclosed between the points where the amplitude is 1/e

of the maximum value; therefore

= om? = 1 2 - _12_
W W (10m)
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Graphs have been drawn for the output current versus exit time for différ-
2
ent values of bunching parameter for the envelopes Vle"a't sinwt, and
2
Vl e-2t" coswt. In the first case the infinite peaks occur for values of

6, satisfying the transcendental equation,

The values of 60 at which infinite peaks occur are found graphically: For
k € 1, there are no infinite peaks, as is evident from the equations also
(Figure 3); for k=1, one infinite peak occurs (Figure 4); for k= 1.5,
there are 14 infinite peaks (Figt}re 5); for k=2, there are 13 infinite peaks. *
This can be justified as follows. In the pure sine-wave case, two
infinite peaks occur for k > l; hence, for simplicity, we associate two in-
finite peaks with two peaks of the excitation signal. In the Gaussian en-
velope, the seventh peak occurs on either side of to:O , wWhen wtc; =+ 6.57m.

-at
When wto = 10w, then e °= l‘/e; therefore when wto = 6.5w, then

>kThe response for k = 2 has not been actually plotted, for it is not ex-
pected to be very dissimilar from the k = 1.5 response plot. The num-
ber of infinite peaks, however, were determined by finding the points of
intersection of the curves:

aeo 1 aei
cos &6 - 2 —— sin © and — e .
‘ o wZ o 2
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k=05 2
\7] V"o'°' sin wt

OUTPUT CURRENT i, (IN Ig}

o‘ A A i A 1 AL A i A 1 1 1 i A L A i A I
-9w -8w -7m -6w -S5W -4w -3wr -2w -7 o " 2w 3w 4m Sw 6w Iw 6w 9w
EXIT TIME wty=~$S

Figure 3. Output Current i, versus Exit Time wt, -S.

28r
kel
o2
vev, € ginwt

20}
o
z | .
st
-
2
w
x
x
-3
(%]
£ ok -
o
-
2
3

. i L = " lg PR . . . "

i 1 AL
-97 -8w -7w -87 -3% -4w -3W -2w -~w o v 27 3T 4w Sw (14 Tr 8w 9%
EXIT TIME - wig-$

Figure 4. Output Current i, versus Exit Time wt, -S.
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OUTPUT CURRENT i, (IN 1)

EXIT TIME  w 1§

Figure 5. Output Current i, versus Exit Time wt, -S.

V-Vlo sin wi
: [ |
[T1%.) o
st |
o
2
“—:‘ 4
-
&
¢lOL \
«
2
4 i
s \
a .
-
2
o
st
ol e L) i \g 1 u 1 Ll) n LA) A i L .
- -6w -57 <-4mw -3r -27 -~7w 0 " 24 3w 4r Sw (14 ™™

20
k=08
vV, e coswt
1.5F
1.op
O.SL
O’ ol I -, e i A A i i Y
-lowr -8r -6 -4w -2r [+ F34 ar [1.4 [T 10

EXIT TIME wi,~$

Figure 6. Output Current i, versus Exit Time wty -8,
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The value of k when wt = 6.5m (if ko = 1.5, when t, = 0) is

t

|

}
el
[S] R 61

[}

—

Hence, 14 peaks are enclosed in the region for which k > 1,
Again, .the ninth peak occurs on either side of to =0, when wto=8.51r,
so that this region encloses 18 peaks., The value of k at wto = 8, 5w (if

k =2, at t_ = 0) is
o o

2 2

k = =
8.5 0.725 2,02

~ 1 .

Thus, the occurrence of 18 infinite peaks for k = 2 is justified.

2
If the envelope is Vl o2t

ké 1 (Figures 6 and7). For k = 1.5, there are 12 infinite peaks (Figure8 ).

cos wt, no infinite peaks occur for

This has also been justified by a process similar to the Vle-at sin wt

case.

B. KLYSTRON RESPONSE WITH VARIABLE GAP LENGTH

From Newton's equation of motion,

dz-z eVl -at2 _
m = e cos wt ;
dt d
hence
t
eV 2

dz :j’ 1 g-at coswt dt+C ,
dt md

where C is a constant, When t=t_, then dz/dt=u_. Thus,

-25~




OUTPUT GURRENT i, (IN ig)

OUTPUT CURRENT i, (iNig}

T -

kel 2
V-V,o_ﬂ cos wi

N\
—~/ | .

[+] L 1
-tow -8r -6w -4 -2 [+]
EXIT TIME  wt,-S

Figure 7. Output Current i, versus Exit Time wt, -S.

- L1
201 -8 S
IR ‘ ' : N
-0y '
VeV, cosw t !
s}
‘OF
[+ 1 i ) i 1 KLJ u' A i J
-or ~ow -6r 4w - o 2w ar (-3 4 s 0w

EXIT TIME wt,~8 .
Figure 8. Output Current i, versus Exit Time wt, -S.
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st

e

e by e AN g

to
eVl atz
u'-[ e cos wt dt=C

from which

t .
eV 2
dz  _ u_ o+ L g-at cos wt dt ;
dt o md
to

from the first gap at t=t is

1 1
.tl
* eV1 atz
u =u+f e cos wt dt .
1 o md
t
o

t, =t + 1 :
t)
eV 2 ‘
u o+ lf e 2t cos wt dt
o md J
t
o
therefore
-1
t
S eV 2
sty =t ¢ L (e —1 e 2t cos wt dt .
*) u mdu
o o
t
o

Here an approximation will be made to permit analytical computation:

t, = t + 71, where the transit angle r is (d/uo) +(8/w).

We assume here that § = 0, so that r = d/uo . Again for small

modulation, the following expansion is permissible, at least for a first ap-

proximation:

-27-
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S eV ‘ 2
t, =t + L (1. ] e ' coswt dt
o u mdu
© o
t
o
dt, S, eV, [ -a(to+r)2‘ -ati
el 1 +_2_ = |- cosw(to+r) + e cos wto
[o) u
o
S1 eVl ~ k_'
;E md $q ’

where 4)0 = o.;d/u0 , and k'= Slal/Z , hence,

a ;. 2 a .2
at, o | Tz e =% ‘
- = 1 -—=—Je cos(6 +¢ ) - e cos © H
dto & o ‘o o
o
thus
1 1
. o o
12 - dtz = '
a 2 a .2
o SR ANLY 3%
dto k (5} W
1-— e cos (‘80+ ¢o‘-e cos'eo‘

The above expression for iz , though approximate, does give an idea of the

catcher response at least for small signals. 8

2

The expression for '12 becomes a poor approximation for large gap angles
also, The graph of i, versus 6_ with ¢ = m/2 has been plotted (Figure
10), taking k = 0.5, and 1.0; and tBe differehce between this and the first-
order bunching theory is obvious, It has been found convenient to plot iZ
versus © _, in this case, rather than i, versus 92-, as we are only in-
terested in an apprcximate estimate of g‘he respons€ curve,
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OUTPUT CURRENT iy (IN 1)

OUTPUT CURRENT i (iN ig}

!IT

k=05
]
V-Vio"" cos w

0.5% —_— e

1 X s s i —
-ow -8 -6 -4m -2m o 2r ar 6w [-2.4 ow
EXIT. TIME wt,-$

Figure 9. Output Current i, versus Exit Time wt, -S.

3
GAP TRANSIT ANGLE ¢, * 7

—k =10
—---- k=05

N

A 1 i

4 i 1 1 A 1 1
-9m -8w -7Tw -6w -5v -4w -3v -2wv -w O
INPUT TIME 8,

1 A A 1 i A . i 1
k4 emr 3w 4w 5w 6w 7w BW 9w

Figure 10, Output Current iZ versus 90.
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C. RESPONSE WITH FIXED ENVELOPE AND VARYING FREQUENCY
Using the first-order bunching theory, and taking k = 0.5, we have
plotted the catcher current response for a fixed envelope for three differ-
ent r-f frequencies (Figure 9). It has been found that the shape of the
response envelope is almost independent of the change in frequency, es-

pecially at high values of w/Na .
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IV. LARGE SIGNALS AND FINITE GAPS

The ballistic analysis for large signals with finite gaps is carried

out as follows. Analysis is based on a two-cavity klystron (Figure 11).

; I
AOL, !AI ‘Azl IAa

P Pl

-
ELECTRON |‘ i { |
BEAM | GAP GAPR | |
| F DRIFT REGION ~> |
| | ‘ | |
! |
L |
z=OT| }z=d, l‘edze{

Figure 11. Schematic of Model for Velocity-modulated Tube.

In the diagram, Ao, Al’ AZ’ A3 represent the four planes under con-
sideration. The numbers 0,1, 2, 3 will be used to identify quantities in the

respective planes.

A, FIRST GAP REGION

1. Induced R-F Current

Confining our attention.first to the motion of an electron in the first

2
gap, excited by a Gaussian pulse Vl e 2t cos wt, and applying Newton's
second law of motion, we get
a2 _ V1 Laff
- = e coswt ;
2 md

dt
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therefore
dZL
dt
1 ‘ TR

where K, = eVl/md‘l and C,  is a constant. Nowat t=t_, dz/dt = u

from which C1 is evaluated; thus

: w ¢ jw
dz ey -a 22
£z - Kl e *@ Re e a/ dt+ u,

dt
t
o
2
Kl,e”“’ /43"\/; . ‘ .
= u_+ Re [erfna [t-22) -erfaa [t -2 .
o Na 2 2a ) o 2a
(4. 1a)
=~
-w2/4a. 2n
dz  Kpe : 2 -@f-¥)
22 st (erfNat-erfNat + —— e sinnNaty
dt o 2NE o N~
‘ o
2 2
(at_-y’)
-e- sinnNa ty dy . (4.1b)
Integrating again, we get @
PANCY

) K 2 2 2
z=u t+— \jr e /4a erfnNa t-erfal t +-—Z—f [e-(‘at -y )sin"\/g ty
e 2 °
o

2 2 ‘
-(at -y’)
~€ sin'\fa-toy dy) dt + C2 )
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m -

e -

where CZ‘. = constant. This constant is evaluated by using the condition

thatat z=0, t=1t ; therefore

o
— -1
t
K. 2
z =uo(t-to) +Tl % e’ /4a erfAa tdt+ —[[ -(at -y )sm'\/—ty dy dt
, 4 ‘
o
L . —
2\a
K 2 -(a.t y)
1 @ -w”/4a ‘ 2
-5\ © (t-to) erfna t+-:F— | e 51n'\/;toy dy
o
" (4.2)
When t = tl , Z= d1 . Also the transit time is l"'1 = ’cl -tb; therefore
w h—
1 ! N ' ‘
w¥/4a 2 -af -y
d; = u T, +_ \[_ erf«/a‘tdt+_w=. e sinNa ty dy dt
t. ©°
o
w
N
K| = -(at -
oW /4a
-T E‘ 1 erf'\/—t +—[ s1n'\/—toydydt‘
(4. 3)
dl 6l
Suppose I, = — + -—, where &, is the correction factor; then wd,/u_ =
1 u w 1 17 7o
= ¢ol is the d-c transit angle. From Equation (4. 3),
w
t
1 ¢ 2nE
K w ‘
b, =0, +8 +— E -w*/4a ‘ erf'\/_tdt+—ff '(at im/Ztydydt
t
o
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E
2Na
2 .2
[ -lat-y7)
e

Kl\h_r_ e-w2/4a
sin&/:toy dy .

- (6, +8)) erfulaTto+Vi-

2N Yo
o
d1 61
Writing t, as t énd replacing ts by t'l‘ - I‘l = tl'ﬁ; ol we get

E @ 7]
t 22
' 2 ‘ _(atZ_yZ) ‘
1 erfNa tdt+m- € sinNa tydy
il ool 21 °
j W u, W

In Equation (4.4), élis implicit, and approximation must be made to obtain

an explicit expression for it.
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We shall assume that 51 is small so that

d, 81‘ . ‘ 1
Reerf {Na [t- — - — L = Re r\/- -— .._J_
‘ U, ) 2\G 0 2NE

where

] = e

2na |

e
erf; '\E( -d—l> Jo = Yo 2na.

u
o

Now as I‘l is small compared to t, the following approximation is justi-

fied:
t
/d1 6
erfNa tdt = (1_1_ +—— erfNat
o
d. 6
PR R 3
uo w
© W
t 2Na
_' - 2 2
[ fe'(at R )sin'\/;ty dy dt = l> -(at -y )sin'\/a_tty dy
d 5§ "o
gL __1 '
u %)
o

Substituting these in Equation (4.4), we have

W

K - (9 5, ” 1
&, = - 1. Jr/ae * [ = + 2] Re |erf (N2 L -
@ 2N

1 2 u, uo
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5.
v

This equation obviously gives a quadratic in 81 , Which might be complica-

ted to soive, Fo;r“z% simpler solution, we will neglect the _6? term,; there-

fore

Y 2Nz

Na

2 :
K, = -2 ¢ -, - - 1 :
5. = - _\’E e 42 _ [Re erf(«/;t-w | -erf [Na (t- —] -2%
1 2 a Uy ‘ ‘ 204

2
w . .‘.

K “4a | . . .
l+-—lJ1_e Re(erf '\/Zt-‘]w '
2 Na ug ‘ 2N\a

/ d . d d .
- erf NfaTt-—l- - + ‘11'\/; erflxﬁa_t-u_l.‘ -_‘]L
Y ZJa o of 2Na

(4.5)

Thus Equation (4.5) gives an explicit expression for 61 . Denoting

’ 2
K, le’ - 4’1 jw d jw
F(t) = — = e 42 _— [Re{erf[Vat- -erf|Naft- —] - ,
2 Ve Yo 2Na Y 2Na
wz ‘ |
K Y 4, - d .
Glt) = — JT e 4a 1Na Re erf! | NG __lj L ,
2 a L uZ' . : uo/ 2'\/3_ |
o
gives . -
F(t ,
5, = i (4. 6)
1 + = F(t) + G(t)
$)
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According to Ramo's theorem, the current at time t resulting from the

charge entering the gap in the interval dto between time to and t6+ dto is

—

di, = 2 ouadt ,
d, o

where u = velocity at time t. The total current induced is

t
i, = Io/dl f‘u vdto‘
’c-l"1

Substituting Equation (4. 1b) in the preceding integral, we have

t 2 J%T.
I K = 2 T @B
i =2 uo+—J;—re & lerfNat-erfnNat +——f e 'Y)sin\/ity
1 dl 2\ °o x|
t-rl L 0
2 2
-(at -y’) x
-e sin\/aTtOV dy|
: ~_ 7]
R 2Na
Iy Kom = ‘ 2 -(at2 2) ‘
= — o ' +— [~ e 4a T jerfnNa t + — e “Y Vsinna ty dy
0
2 t t T
N 2 2
K o o | [ , [ [-tafsh
- J—‘- e 42 erfaat dt +— e sinNa t y dy dt ;
a oo o ol
:t'rl t-l"1
W
R PANZY
d & -—— 2 2 ‘
Loy Llle # lersmte 2—[ clat -y )‘sin'\/é-'ty dy
u w ‘
o N
0
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t t

Kl T - 2 -(ati-yz)‘

-_,-_J—:e‘*a erfANat dt + — e sin'\/itoydydt

2 12 o N o
‘t-I‘l t-I)

4.7

The above expression is considerably simplified if the following approxi-
mations are accepted as valid:
t

erfaa t,dt, = T, erf Nat ,

t-I‘1
w w
t 2Na 2Na
2 2 .
2 -(at,-y) 2 “af-%) .
ﬁ. . e sinna toy dydto ='—NE I"l € Y )sinna ty dy
t-I'. 0 0

This is very nearly true, especially for small gaps; then, Equation (4. 7)

reduces to

61
il = I0 1+ —
¢1
C-F(t)] 1
= I 1 + . — . (4. 8)
° 1+ %(E). +G(t)y *
. !

It is interesting to note in this case that the time-dependent component of
current i‘l is directly proportional to the correction factor 61 .

A more accurate simplification of Equation (4. 7) than that given by
Equation (4. 8) is obtained if

¢ T
ferf'\/a-lt it = T erf'\/a(t-—l
| o 1 2

t-rl
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d )

~ T erfnNa t-—l---i
1 Zuo 2w

Puttirig this in Equation (4. 7), we have

2na

dl 51
-erf|Na - —
Z‘uo 2w

, 2
w ‘
-— /d ) .
e 12 <_1_ +—‘j—> 'Re erf(xfr;t- J9 )

After expansion in a Taylor series, we get

2
2 jw
2 -(Nat -2
I |ubd K 4= [a, & ( )
11=Io+-—°‘c‘:‘l+Re—l—'\E‘ e 2 u—l+m—l e 2Na
dl 2 N o 1
2
I & K d, &
___10+_‘i uoTl+_l ~ u_l+_u_i. et cos wt
q 2 % \%
If the 6% term is neglected,
1 ) V., u 2 A%
i =1 +2 (-—l-u +—L % 5 & oswt +—m d, &2t coswt>.,
1 o 4 w o 2y w 1 4V 1
1 o o
(4.9)
where V = d-c beam voltage = = u2 .
) 2e O
2. Velocity Modulation
From Equation (4,la), we have
2
K Y.
- 1 | 4a ‘ _gwy jw
vy =u t = |z € R‘,e [erf'\/a—<tl Za.> erf'\/a-"<to -5
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Making suitable approximations to simplify solution gives

°

'\/5- tl - J‘:/_ . '2
2Aa jw
2 -t 2a (91 %1\ («/& 1T 2~/£>
£ et at = s —)e | ;
NAr Nr o
Nat -39
2na
from which
v K d ) -a.t2
MR 1+_li/—1_r_<_1 + ) e 'lcos wt, (3.10)
u 2 u u W 1
o o o

This is justified if the gaps are very short and the transit time small. For

larger gaps, a better approximation would be

'\/itl-j“’ .
() el ]
e dt = ANa | — +—] e ° Na
\uo w
N
2na
then
v K d 8. V1 T 2. $\
M (R PV / cos [ut, -
o Y\ o w

(4.11)

The neglect of 6‘1 in the exponential is reasonable when the resulting simpli-
fication in computation is taken into consideration, Note that when 61 =0,

Equation (4. 10) reduces to
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2
v A" -at .
e cos wt

an expression similar to the velocity modulation in the sinusoidal excita-

tion case.

B. DRIFT SPACE REGION

The electron beam enters the drift space with both velocity and cur -
rent modulation, as shown above, and it drifts in a field-free space resulting
in further increase in the harmonic content of the beam current.

Neglecting space-charge debunching, we have t, =t; + (Sl/vl)‘,

where S. is the drift length; therefore

1
S
1
t, =t, +
2 1 2 |
K., -9 _ . ‘
u 1+—le4an—erf"\/é.—tl--JiT -erf'\[aTtO-Jw
°© 2 2nE y PANEY
Using the simplified expression in Equation (4. 10) gives
Sl
tz = t1 + - 5 . (4. 12)
K d 6 -at
u il + 1 -i +—1-' N e ! cos wt
o 2u u w 1
° o
Using Equation (4. 11) results in a slight modification:
S
= 1
tz = tl +
2
d
2 (tl a ,
K d ) - u
u 1+--\/E—1- —1—+—1-e °/ cos |wt ——\
o 2 uo u0 w | 1 2/‘
- (4. 13)
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This expression for small modulation becomes

a,\
a8\ T < 4’1)
-—t—]e cos (wt, - —
u w /| '

It is difficult to differentiate this function because of the presence of 61 .

It is better to keep the integral in the expression for dz/dt rather than

divided into error functions; thus

. Sl
tZ = ’cl +
Y
w Jjw
K - --a(t- )
U l+-—l eER e “a dt
o
t
o)
2 ¢
S K -% -a<t-3"’>
ut1+u_11.u_l 2R e V- 23] g ,
o o
t
o
V— jw 2 2
jw -{Na(t, -T.) - w
dtZl_ 1 SIKI Re e’a<tl a) o I: 1 LR NA " Za
at, T2 )
1 v,
d. 2
-alt .._l
Sl -at <l u)
o1 ':Z' K1 e cos wt; - e cos(.mt:1 -¢1) s
o
assuming that
d 5 2 o d 2.
a (t LR a (t !
- l'q W B I'Eo_
e cos(mt1 - ¢l-61) = e cos (wtl-cbl) ,

(4.14)
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therefore

i, = =
2
ar) a\?
at _ ¢, . L
1 8 Vv, -atf 'a(tl u°>
1 Sy alh _cos wt -e cos_(cm:1 -¢1)
o |

But by Equation (4. 7), i, is related to I°~; therefore theoretically, it is

1

possible to express

i, = I, f(t) (4. 15)

where f(tl) denoctes a function in t Again as t, is related to tl’ as

1°

shown above, it is possible to express ’12 as a function of .t‘2 , lee.,
i2 = Io g(tz) . (4. 16)

Although Equation (4. 16) is expected to be very complicated, and rigid
mathematical analysis seems highly improbable in practice, a theoretical
for'mula.tion is not ruled out. Itis desirable to expand i2 in a series in
such a way that the various frequency components become distinguishable,
but the obvious aperiodicity of iz rules out the poséibility of expanding in

a Fourier series, as in the sinusoidal case dnalyzed by Beck,

C. SECOND GAP REGION

At this stage, attention will be directed to the motion of electrons in
the second gap. The beam induces a voltage on the grids, and because the
voltage produces a change in beam current and velocity, we can consider

this behavior as a reciprocal relationship, so that knowing the effect of the
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voltage on the beam is equivalent to knowing the effect of the changing beam
upon the induced voltage. With this in mind, let us assume the voltage in-
duced in the second gap to have a spectrum given by the :equation Vze'b(t+ p)‘.Z
cos w(t+p), ‘where p is a constant introduced to take into account the
possible change of phase with respect to the original envelope V‘le'atzcos wt.
Although this assumption might differ from the actual physical conditions,

it is acceptable as a first approximation, The eqQuation of motion in the gap

can therefore be written as

2 : 2
4z K, e PltHP) o w(t+p)
dt?
therefore
dz b(t + )2
= K, [e” P

T cosw(t+p) dt+C3 ,

2
where C3 = conetant. Now at t = t'z ,

2

K - . RN
d_z___u +_1er ERe erf(&f;tl-,w_ -erf(Nat - 2% ‘
-~ dt [o] 2 a ~-2.‘~fa o] 2'\/5.
Using this condition to calculate C3, we have
t
dz - _~-b(t+ p)Z :
_d? = ‘K.2 e cos w(t+p) dt + V2 , (4. 17)
"tz

where

< wz .
_ e I £ - €% : = Jjw _ : jw
VZ"uo+T Ee Re erf('\/a—.tl-zz> 'erf<~/;to"‘2~/5’>

!
A
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Integrating again, we have

t

oy 2
o Plttp)

2 :'K2 | cos w(t+p) dt+VZt + C4 s (4.18)

t

where C4 = constant, At t= tz s Z= d1 + S‘1 ; therefore
t t
b(t+p)? '
z:K2 e cos w(t+p)dt d’c+VZ(t-t2)‘+d1+S1 .
t2 %

Now at z = dz + S1 + d1 , wehave t = t3. Also t3 -t = TZ is the transit

time in the second gap; therefore

3 w
‘ "46 w jw - jw
d, =K £ \[_R‘.e erf[r\/l';(t+p)-i—-]-erf['\/5(t +p) - —j)dt+V. I .
2 Zfz 3 { 26 27 F 272
t-I‘Z
Suppose
d ) wd
2 2 2
rz = q +—“’— ) and 7— = ¢2 »
2

where 62 is-acorrection factor for second gap. Then, by a process similar

to that used for the first gap, and with similar approximations, we have

2
-5
5, = - E____ f‘"—q, Re {erf ~/E(t+p)-i“’_. -erizb (t,+p) .
2 zv, Vb 72 | 2nb 2 2B
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T e

[ o - \
|i+i22_ J%_ ejg R_e{erf ['\/B-r(t+p) -%:/E_—]

2 J
-1
. d ' .
2nNb 1§
_erf['\/l-)—(kt2+p)-;‘:jb_] + — w5 erf [«/E-t2+p) -_;.‘:/_E_)b
F,(t)
62 = - 2 ’ (4. 19)
C L F,() |
1+ T + G,(t)
5 .
where
2
w
- I5 ‘
Fo(t) = _IEZ_‘_?— T &, Re (erf ['\/E(t+ p) - | ert ['\fb—(t +p) S I
2 ZVZ b 2 2\/5- ‘ L 2 ZN/b_]
<"2
K - d ,
, _ 2 @ T b 1 [ ¢ | jw
SRl A LR

Thus, the expression for 62 is very similar to that for ~61 .
As before, the total current induced as a result of the passage of

charge in the interval 1"2 is

where uZ.is'the velocity atany instant t in gap 2; therefore

t
i
. 1 : 1
1 = — u,dt
3 2772
d, dt,
t-I dt,
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t

t .
-Io [ j' u dt:‘o
= - u dt \—- . ’
‘ 2772 " ’
d 1 d > J , dﬁz

t-I"2 ‘t-rl dtl

where u is, as usual, the velocity at any instant t in the first gap. As
we have seen in the above analysis dt‘z/dt‘1 can be expressed as a function

of tl ; therefore
t t
'Io dtl .
i, & o — u,dt,, u dt. .
22
3 dldz dtZ ¢ ' o ‘
X t-I"2 t-J.‘I |

This analysis can be extended to n gaps, and n-l! drift spaces; under

these conditions

N 0 N DU N ‘ o .
) o\dt, dt, :
Lnal T U2(n-1) ¥2(n-1) | 2(n-2)M2(n-2)| U -

t-T_ t°T_ £-r,

(4.20)
Expression (4, 20) is of theoretical interest since it indicates the dependence
of the final current in the output gap upon the excitation imposed upon all

other gaps.
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.V. NONLINEAR SPACE-CHARGE WAVE ANALYSIS

Here also attention will be directed to the Gaussian excitation,
since the behavior of an electron passing through alternate gaps and drift
regions with sinusoidal excitation in the gap has already been determ'ined‘.
McIsa.a.rc5 has derived a general expression fqr polarization in the drift
region. Using his symbols for the input gap and the drift case, the polari- .

zation ZI(T TO~) in the drift region is:

1
r

Ly - 1 ‘ . :
2T}, Tg) = - 3= t[e(rwro) sin(T, - T) dT
. T2 T
For the Gaussian case, 0(T) = Ae”Y® €05 01
r
1 -y(r+To.)‘2
Zl(Tl’ T‘o) = - 5 - Ae cos o(r+ To“)' sin(T1 -r) dr

0

Replacing the sine and cosine terms by exponentials and defining

;o2
erfx = - [e-t da
0

N
we have
Go-1®
2T, T,) = ‘lf‘g E je IV T {erf [W(u'ro)-jiz‘_’:/:_ﬂ] -erf [WTo-j(—:;;-_l_l]}
‘ Y 1 Y
(e+1) ‘

N S & £ [NSle+T it} | flNTT _ilot])

Je e {er [Y(r “o;) J_ZW‘ erf| Ny OJ—-———ZW

+ complex conjugate | . : (3. 1)

-48-




For the input gap region, :

T

_1 Ly e e |
Zl(TlTo) = - -2—5 [ o(r +Tvo) ‘sm(I‘l «r) dr
o .

therefore, for the case under consideration:

Y 2
(o-1)
_ A [w . TT4y T Ae=-1) | . {o-1) I\
Z (T, T ) = v e e {erf [WT-JZ_W:]‘ -erf [W—TO-J 2—0;/-;-_—]
_(0=+1)2 _
-je Y e-‘JT erf WT-M -erf \/VT -J(_Oj_ﬂ
N ° Ny
+ complek‘ conjugéte ‘ . - (5.2)

A method will be indicated to express the complex error function in

terms of real integrals., Consider the expression,

a-jb
2 -zz‘
erf(a-jb) = — e dz s
N
2

in the complex piane with Z=x+ jy. As e’® is an analytic function,
ff(z) = 0 around a closed pathofintegration. Hence integrating along the

path shown by the arrows gives

-x ' -lasip)?
e dx - j e dy =

!
o
o
N

0 0 0
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Figure 12. Gaussian Envelope.

from which

o)
2 2 2 .
exf (a-jb) = 2o | e X ax -2y | o-l@ Y ) +ZAY 4
A,f;r_ V; i K
0
= erf(x) +-§E—f -(a -y )staydy-J-—-[ -(a Y )os 2aydy

0
(5. 3)
As the polarization has to be a real quantity, and noting that To =T- T1
=T- Zo‘ =T-2Z+ Zl , we have Equation (5. 3) written in the Z , T co-

ordinate system as follows:

toy® 1) .
22, T) = ZRe-—JT T{erf [«/—(r+T Z+2,) -J(:»\/'l")'J
- exf [NV (T 3 - (o111
[ Pl
_(¢+r) :
- je 4y JT {erf ['\/_(r+T Z+Z ) J((‘r+l)
2Ny
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cestinns

cerf Ny (T-2+2)) - {ot1) (5. 4)
¢ [ Jz~/—

where Re represents the real part. Equation (5, 4) is obviously implicit
in Zl and hence cannot be evaluated easily.

Assuming Zl to be small, a series expansion of the complex func-
tions will be made, and only the first-order term in Z  will be taken into

1

account, A typical term is expanded as follows:

erf['\/—(r+T Z+2)) - (o- l)]
Ay

= erf W(r+T-Z)-,j(‘r;l)‘ +Ay Z erfl NY (r4+T-2) - j (o- {o-1)
[ 2Ny : 2Ny |

‘where

erfl = e

l:'\/_(r+T z) - o= ”]
ZW

Substituting in Equation (5. 4), we have
2

[ e
2,(2,T) = % \E»‘R,t'eii‘e, Y T fers [’\/—(r+T Z) - (;N]_l_)]

Y

[«/"(HT z) -l

ZN/Y_] - erf [’\/_(T Z)- _](0- l)]

+Ny Z e
1 2"[7

[«/"(T z)-j =i} ”] C@?
+ WZle 2Ny ) -je Y eIl ers ['\/T(r+T-Z)
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z .

[ - ((r+l)]
J N :

(L.H_) +~/§Zle ' 2NY I\ lers NY (T-2)

Zkly

[’\/—-(T -Z)-j (0’+1):'
j (itl—) + '\/\TZIe 2y (5. 5)

2Ny

Now, putting
NY (r+T-2) = a; NY(T-2) = a,

(0"-‘1) _ b‘l ) otl _ b, ,

21y 2Ny :
in Equation (5, 5), taking the real parts, and transferring Z, to the left-

1

hand side, one derives an explicit expression for Z. as follows:

1

b

_(o- 1) az_yz)
z(2,7T) = Am . oy erf(az) erf(a,) +_[ sin 2a,y
8 VY

‘ b
2 2 ‘
‘(a1y ) 2 Z)
-e sinZaly dy) sin T + (— cos Za
(az 2 (e+1)%
-e cosZazy dy)cosT|+ e Y erf(aZ);erf(al)
b
2r 2 2 2 2
2 -laz-y -lay-y
+— | e sinZaZy -e . sinZaly‘ dy) sin T
N
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.

b
Z /2 2y
2 -(a -y ) -(al-y
+ | e cos2a,y dy -e cos2a.y dy | cos T|
N= 2 1
e ' 0‘
- —
s ?—b?)‘ . - (ag'b ‘) i
1 cos Za.lb1 - e cos Zazb1 8in T
-(a20) o
sin2a.b 1 sin2a,b.| cos T e Y

19 - € 2”1

2 .2 .
— (az'b2>
- e cos 2}=.=.th2 sin T

2 -1
(2 Z> {oc+1)"
- az-bz, -
stale - e . sinZ_aZbZ';cosT e Y
If
2
PmY in2 ‘ )
sin2a y: dy = F(a ,b )
2 ‘
m™Y 2 1 .
cos2a_y dy = fla_, bn) ;
then
(cr-l)2 . )
_ A w0 Ty A g .
ZI(Z’ T) = T\ e {[eri(az)-erf(alHF(az,bl.)-F(al,bl)] sin T

+ [f(al, bl“)f - f("a'zbl)]i ‘cos T}

_‘(a'-"-l)2 .
+ e 'Y {[erf(a'.izj) --e_rf(‘al)’-F.F(‘aZ, bz')'F(al’ bz)]‘ 8inT

-53-




+ [f(az,bz) . f(‘al,‘bz)] cos T})

‘ a2 bz b
A B\ e - 2'
1 +2 A \le cos2a. b, - e cos 2a,b sin T
P : 171 271
2
A 2_b2> _(az_bZ) Ao- 1)
+ e \ 11 sin2a b1 -e 2 "2 s1n2a cosT ¥

2 .2 ’
A - (E‘l’b.z) '( z'bz)
+‘-8- N \le cos Z‘alb2 - e cos Zazbz sin T

(o‘+1)Z

aZbZ) (éz b ) ' LA
- [e 172 .sinzalbz - e 272 sta.Zb2 cosT [ e Y

(5. 6)
Now putting
NY(r+T-2+2,) 3
NYI(T -2+2) = a,
()
e N N/ gin2a_b_ = Gla_,b )
m’ n
(+l)
e cos2a_b = g(am, n)
erf(a )-erfa = E(am-an) ,
we obtain
0z A | bt |
—=(Zn=3 S e 1{Nf\(—[g(a4,bl)-g(a3,bl)]+f(a3,b1)-f(a4,b19 sin T

+ {W—[G(a‘l,vbl)-G(ay bl)] -E(§3-a4) +F(a4, bl) - F(a3,b1)} cos 'I>

'bi |
-€ ({W[g(ay bz) -g(‘a4, bz)] + f(a4‘; bz)‘-f(a3, bZ} sinT
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+ {'\/7 [G(‘a4, bz‘)—G(a3, bz)] + E(a‘3‘-a4)+F(a3, bz)-F(a4, b2)> cos T)

-b
L+ SN fe ! {[g(a3,bl)-g(a4,bl)] sinT+[Glag, b,)-Gla,, b,)| cos T>
2 . -1
b
+ e {[g(a3,b2)-g(a4, bz)] sin T + [G(a4_, b,)-Glas, bz)]‘ cos T>
(5.7)

In Equation (6. 7), the term Z. occurs 6n the right-hand side. To obtain

1
BZl/BT at a particular Z and T, therefore, the value of Z1 has to be
obtained from Equation (5. 6) for the given Z, T, and then has to be sub-
stituted in Equation (5. 7). Thus, the ratio Ja-c/Jo can be calculated.

Now, from Equation (5.5)

2
./ -b
_ = = % e 1{[g(a.3,bl)-g(a4,bl)] sin T + [—G(a4, bl)+G(a3, blﬂ cos T> Ny

=y
e {Lg(a4, b,)-glas, bz)] sin T + [G(a3, b,)-Gla,, bZ)J cos T) Ny |

l+%—J’%_ e ! {[g(a3, b.l)-g(a4‘, bl)] sin T + [G(a4, b‘l)'G(aybl)] cos T}r\/y—

2 -1
-b ’ ‘
re % {[.g(a4, b,) +glas, bz)] sinT + [—G(a3, b,)+Glay, bz)] cos 1> Ny~
(5. 8)
Since
9z, 92,
2, 3Z ' T
dT Y ’
L.
07
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then

—

2 .
az b
= = %J%_ e 1<[f(a3,bl)-f(a4r,b1)] sin T + [.E(a3.a4)+F(a4,bl)-F(a3,,bl)] cos'I>

-3

2
-b .
-e 2 {f(a‘l,bz)-f(aybz)] sinT + [E(a3-a4)+‘F(a3,b2‘)-F(‘a4.,b2)] cos T}

(5.9)

The relative simplicity in the expression for

8z
u 1
5, = 7T

is observed.
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VI. CONCLUSIONS AND R.ECOMMENDATIONS

; The ballistic theory of an electron beam has been developed, for

T " multiple signals, subject to approximations made to simpfly solution.
Some work, using n;)nlingar space-charge wave analysis, has also been
done and a comparison of the ballistic and space-charge wave analysis
should be attempted to throw more light on the problem. T'he graphic plot
obtained (Figure 9) which gives a value of 0.5 for the bunching parameter

" indicates that there is pulse distortion. ' The saturation of the lower half
of the envelope indicates that the exit current is rich in harmonics, even
for low depths of modulation.

The theoretical study indicates that experiments can provide solu-
tions where theoretical formulation would be cumbersome. An experimental
verification of the theory should therefore be undertaken, using a set of

]” p-aramete‘rs designed to approximate closely the assumption of an infinite
beam and no space-charge effects.

Attention is now being directed to the generation of high peak-power
radar using nanosecond pulses of the Gaussian type. Once such pulses are
generated, the response of the klystron .to‘ them can be observed. Good

microwave amplification of these pulses would lead to their use in radars.

e 5 A R e SR T
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APPENDIX A: A NOTE ON THE. GAUSSIAN SPECTRUM

As this report deals with the klystron r‘espdnse to a Gaussian enve-

lope, a short note on the Gaussian spec¢trum is useful. The analysis pre-

2
‘sented has been mostly based on the envelope g(t) = Ve-3t" coswt:

glog)

¢ 2 et
R.e—l— [ve-at e o e+;]mt dt

-Q

| (w, -w)
1 é '§¢2+j ioa‘ |
Re [ Ve dt

2T
-Q.
lwg -w)? a (w_ -w) 2
- ) 1 -~alt+)
Ve a E— e dt
i3
-a
(W, -@)?
— Ve'- 4a

2w a

Thus, in the frequency plane the envelope is also Gaussian. The

Gaussian envelope is evidently economical in bandwidth for a given pulse

length, the majority of the energy being confined to a finite range of the

frequency spectrum centered on the carrier frequency.

These factots to-

gether with the fact that a Gaussian pulse is easier to generate, are the cri-

terion determining its selection for analysis. It might be interesting to note

to what extent the envelope shape depends on the parameter a.

Consider

just the envelope given by the equation,

£(t) = e 2t ;
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then

€

glw ) = % —_—
. Nz

Select a = m/a., and multiply both f(t) and flw,) by 1/Na ; then

o =

g lo) = S—0u .

: 2/
The-area under the curve fl(t) = e-3t /'\/E is given by

. ;.
A = 2rmg(w)]

Therefore as a becon_ues smaller and smaller, the curve fl(t) becomes
taller and narrower and approaches a unit impulse as a approaches zero.
Since a is inversely proportional to a, one must have a high value of a

to obtain short pulses. If the frequency is increased, the value of a has

to be increased also, if the pulse is to decay to a fixed fraction of its ampli-
tude after a fixed number of r-f cycles, Actually for this purpose the
ratio a/q)2 , where w = 2mx frequency, has to‘ be maintained constant.

The transition from a frequency spectrum consisting of a series of
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discrete frequencies to one consisting of a continuous band of frequencies
can be made by treating the nonperiodic function as a periodic function in

até

which the period approaches a . The unit Gaussian envelope e~ coswt

will be considered. The amplitude of the spectrum at W, is
o
; 2, . -jw t
glw ) = L Re f e7at tiut o 4
° 2 ‘

-Q

For a single pulse, where f(t) = 0 for all values of t except -L <t<L,

we have
(w -wo)z L [ (w -wo») ]2 .
. —— -a t‘-j —
1 4a 2a :
) = = e ‘Re e dt
glw,) o
-L
@ -0 )°
o
) -— . (w -wo), (w -‘90)
S ———e Re |erfnNa (L -j ————) + erfaNa (L+j ——]|| ,
213 2a ' 2a

where use has been made of the identity,

erf(-x) = -erf(x) .

With the expansion for the complex error function and then taking the real

part, one obtains

) -(‘w -wo-‘)2
g(wd) = -—IF e. 4a (Zerf\/a L)
27 Na
' ~(w-w°)2
= (sr_ffa_h_) o TE
LAY
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p— 8 g

The spectrum of a train of Gaussian pulses of length 2(L + AL) recurring
every T seconds will be found from the spectrum of a single pulse of the

train, For the single pulse at any frequency wo/?.'ﬂ',

2
(w-w))
erf '\/a_(L +-AL) e- T 4a
™ Na

glo,) =

For a period of such pulses recurring with a spacing T = 1/C, the sura
of spectra of the individual pulses form a Fourier series of harmonics of

C ; therefore

a

f(t) = A + ZA cos 2mnCT ,
o] n :

n=1

where An is the sum of an infinite number (one from each pulse) of infini-
tesimal terms g(2wmnC) and g(-2wnC), giving

((.)'-Z'II'nC)2
erf'\/;(L+AL) e- ~ 4a

i B

To put an absolute value on the amplitudes g(wo) , it is necessary to aver-
age them over the recurrence period of the single pulse, making them in-

finitesimals, However, in the train of pulses recurring every T = 1/C

seconds, the amplitude of An can be determined by averaging the terms

in g(wo) over an interval T; then
_ (w-2mnC)°
A = erfNa(L+al) _° 7 4a
o wNa T

-61-




and when T = 4L T é ,

2
Cerfna L (1+9_L-) . fw-2mC)
A = : L, e 4a
n wNa (4LC T 1)
thus,
f(t) = Ao + Al cos 2nCt + A2 cos 2w 2Ct + .

where An is known.
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APPENDIX B. FOURIER COEFFICIENTS

The Fourier coefficients a. and br' , as obtained in Equation (2. 9)
3

are simplified here:

Tv'\. | T
! I N K s ¢\ K s 3| q
. a, = = o COST |V~ 1 Sin |my +—-Z—- - Kk, sin (ny +—Z |y

It is sufficient to obtain the solutions to the following coefficients, as they

are related to the ones in Equation (2. 9):

T
a!l = fcosr y+c1 sm(my+o.l)+c sm(ny+a2)] dy ,
-7

, sin (my + al) +c, sin (ny + az)] dy ,

sin r [y+c

o
H - .
"
A

jr [y +cy sin (my + al) tc, sin(ny + az)] dy

al +‘]"b| e
r r .

]
dk\ﬂ

f -jr[y+c1 sin(my+al)»+ <, sin(ny+a2)] dy
e :

-
Now, according to the property of Bessel Functions,
oJz8in® o T (2) +2 [JZ.(z) cos 20 +J,(z) cos 40+.....

+23 {J\l(z) sin 0 + J,(z) sin 36 +...

Jplz) &P% (B. 1)

=-0Q

i -63-

L o 7 R




since J-p(z) = (I)P Jp(z) ; therefore, using the property in Equation (B. 1)

ives
g - e a
: : jp(my +a.) ja(ny +a,)
' o jry : 1 . 2
a_ +jb_ = fe Jp‘(rcl) e Jq,(rcz) e dy
- p=-a =-a
™ e a
- Z j jlpPm +an)y + j(pa, +qa,)
jr 1 2
= [e‘] y Jp(rcl) Jq(rcz‘) e dy
< ‘

p=-a g=-a

Because of the nature of the integrand, the order of integration and

summation can be interchanged; therefore

a a
, j(pa, +qo,) . ‘
a + jb. =2j J (rc,) J (rcz) e 1 2 s;n(,pm+qp+r) ™
r r pr 1" Ta pm+gn+r
p=-a qz-a
Now, noting that
e xr
) (-1) 3 zel "} (-l)m(lz)
3 (-2) =3 (zeJn) _ mZo = VT \2
v v m! I'(v+m+1) m! F'(v+im+1)
: m=o
since ej 2wm =1, therefo‘fe
_ v
Jv(-z) = e Jv(z)

Using the same procedure as before, we obtain

a a

e jp(mta,) +ja(w+a,)
a - Jbr = 2j Jp(rcl)Jq(rcz) e

sin(pm+qn-r)r

(pm+qn-r)
P=-¢ g=-a
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a a

= 2 y Z(-l)P+q T fre)) I(re,) e

p=-a 9=-a

J(pa1+4qa2) sin(pm +qn - r)w

pm+dqn-r

from which
a_ = 2j ZJP(rcl) Jq(rcz) e

=-a gd=-a

(Pm+qn -r) sin(pm+qgn+r)w + (_l)p+‘q (pm+qn+r) sin(pm+4g-r)n

(pm + qn)Z - rz

a

? , aly jlpa, + qa,)
: br = 2 ZJP(rcl) Jq(rcz-) e

p= “a q=-a

(pm+qn -r) sin(pm +qQn+r)mw - (-1)‘p+q (Pm+qn+r) sin[pm+qn-r)w

(pm + qn)2 - r?

As r, p, and q are integers, a.;, and brI will not be zero when m and -
n do not have integral values. It must be noted that for large values of

p and q, the quantity 1/ .[(prn + qn)z - rz] becomes small, and therefore
the double infinite series Acan be replaced by a finite series to permit com-

putation.
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APPENDIX C. EVALUATION OF erf(a - jb)

In the analysis of klystron response to Gaussian wave excitation,
complex error functions of the type erf(a - jb), where a and b are real
numbers, have often been encountered. Here, a method will be indicated
to express the complex error function in terms of real integrals. Consider
the expression,

2 7 z2
erf(a - jb) = — f e dz ,
N J

in the complex plane with z = x + jy.
As e'zz is an analytic function, ff(z) dz = 0 around a closed
path of integration. Hence, integrating along the path shown by the arrows

in Figure 13 gives

o~ X
g

7y

2
Figure 13. Path of Integration for the Function e >
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from which

a - .
2 ‘ 2 2
2 . - . :
erflfa-jb) = == [ ™™ dx - 2 e-(37 -y ¥ 2jay 4o
) Nt N
[+]

o

' b b
2 2 2 2
erf(a) + 2 e~@ -y) sin 2ay dy-j‘—z-f e (27-Y) o 2ay dy .
SN NT
.o °

This representation of a complex error function in terms of real integrals

$

has been used frequently.

Some other important results follow:

b b
. 2 2 . ‘ 2 2
erf(-a - jb) = erf(-a) - 2 re’(a ) sin2ay dy - 2 e 2oy ) o 2ay dy ,
N
)

m

as

erf(a) = -erf(-a)

a-jb
‘ 2
2 ‘ e’? dz
N

-a-jb

erf(a-jb) - erf(-a - jb)

b
2 2
2 erf(a) + 4 e-la -y sin 2ay dy ,
N A
)

which is a real quantity, This same result can be obtained by contour

integration around a suitable rectangle in the z-plane. Again
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2.y
“Y J gin 2ay

b
‘erf(a - jb) - erf(c - jb) = erf(a? - erf(c)_ + N—Z—[ [e'(
‘ °

: ' b
2 2 2 2
sele =y siany] dy + j-—z- [e'(c Y ) cos 2cy
)

-(a%-y%)
-e cos 2ay| dy . )
These results show that a complex error function can be easily
computed, and its real and imaginary parts separated. Considérable sim-
plification in computation can result in specific problems. The asymptotic

expansion, for example,

2
-a o LRSI

erfla) = 1 - & 1. 12 + 1:3.2 } l..3.g ... ’
anr (229 (Zaz)‘- ~(2a2)

is convenient for computation when a is large.
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priaaiprepuimetm

There are two elements that together determine the response of a
microwave tube to short pulses. bne of these is the electron beam (with
the nonlinear characteristic being the most important factor), and the sec-
ond is the interaction circuit. For a klystron, the interaction circuit is
usually a resonant cavity; therefore the response of a resonant cavity to
short pulses is of interest in estimating the short-pulse capa.tbility of klys-
trons. This section summarizes the results of a study of the response of
a resonant cavity to a pulse with a Gaussian envelope. |

It is assumed that the klystron cavity can be approximated by the
equivalent circuit shown in Figure 1, that is, by a parallel resonant circuit.
This circuit is driven by a current generator, i(t), which produces a.“r-f

signal at frequency W with a Gaussian enveiope:

. ‘ -vtz ‘j"?-ot:
i(t) = Re [ Io e e’ . (1)

The voltage across this circuit, v(t), is the signal whose characteristics
are sought. The departure of the envelope of v(t) from a Gaussian shape
is a measure of the distortion introduced by the finite bandwidth ass.ociated
with the resonant cavity. The voltage, v(t), can be determined in a
straightforward manner using Fourier transform techniques.

The admittance of the parallel resonant circuit; Y(w) is given by

1

l1-—>—| . (2)
‘ w LC

Y(w) = G+juC

Define,

B

it s g e s e o e g S e



Figure 1. (a) Equivalent Circuit for Resonant Cavity Driven by a Current
Pulse, (b) Current Pulse with Gaussian Envelope.
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2 _ 1
“» T TCT
wrC X .
0= & (3)
then |
Y _ 1, fe _“r .
- YA (4)
_Y-o— o) ( N w ) .

For simplicity, the resonant frequency of the cavity, W, is taken equal
to the carrier frequency of the input signal, Wy This will almost always

be at least approximately-true in practice.
Using the Fourier transform of the input current pulse, the Fourier

transform of the output voltage pulse is

(- w)?
- e
Viw) _ [/« e
Vo AV ] W, ’ )
© LI jo[E -2
! [0} (wo w)
where
I
o L.
Yy oTNT Lo (6)

The output voltage as a function of time is

vit) = e [u v/{l1- J
; T TF NT o _——_1_"
\ e

W
1+ erf(yvT - °_ . ;=2 141 - ——]
‘ | 4Q4/v 24v \




o 40 4Q 4Q
+ i l+erf vt- Yo 4/1 __71 -
20 /1 ! ‘ 40Q v\ 40
40Q
wyt “’2 1 1 T | “’2 1
- + 1- + - 1)+ g1 - ©t -] J1 - -
. 0 2y 0% 4’ aq? o IV a2
(7)

Figures 2 and 3 present the output voltage envelope as a function of

time for two different pulse iengths and with O as a parameter. In Figure 2,

For a O of 10, the output voltage pulse envelope is nearly identical with the
current pulse envelope. For a Q of 100, the voltage pulse is delayed in time
by approximately 25 cycles, but its shape is still approximately Gaussian.
Thus the amount of distortion of the envelope introduced is not large for
Q < 100 in this case.

Figure 3 presents the results for a pulse length of 10 r-f cycles be-
tween the -10 db points. In this case, the increase in the pulse delay as the
Q is increased is clearly evident. Further, although the Q =10 curve ap-
pears to be nearly Gaussian, at Q = 50 or 100, the curves are far from Gaus-
sian, having long tails. At O = 20, the asymmetry of the curve is. becoming
evident; therefere Q = 20 may be taken as a rough dividing line between ac-

ceptable and excessive distortion.

the length of the input current pulse is 100 r-f cycles between the -10 db points.
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Figure 2, Respoﬂse of Single Tuned Circuit to a Gaussian Current Pulse.
(100 cycles between -10-db points.)
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Figure 3. Response of Single Tuned Circuit to a Gaussian Current Pulse.
(10 cycles between -10-db points.)




One measure of the distortion of the output voltage pulse is the ex-
tent to which the magnitude of its Fourier frequency spectrum departs from
that of a Gaussian envelope pulse. The Fourier spectrum of the output volt-

age can be written from Equation (5) as

2‘
) (w - w°)>
f‘ﬂm‘= e W , (8)
/ ) w2
yr e (i i _°)
Wo w
The ideal response is
2
‘ l (w - wo)
/v V(w)| ideal _ "~ T 4y
T T = € . (9)

A measure of the distortion as a fungtion of frequency can be defined as

D Q.:io) =% QV av_ [I @) gear - "V(“’”] ’

(w - wo)Z

D<&°L> = e W B 1 . . (10)
[e] (V]
e w fe)
1+ Q-5
L (o]

Figures 4 and 5 show D(w/wo) versus w/i.oo for 100 and 10 r-f

cycles between -10 db points, respectively, with Q as a parameter. From
Figure 4 for the 100-cycle case, D(w/wo) is negligible for Q = 10, and not
too large for Q= 100, However, for the 10-cycle case of Figure 5, D(m/wo)
has peaks of appreciable heiéht at Q= 20, and these are very large for

Q =100, These curves, of course, corroborate the conclusions based on
_
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Figure 4, D(x) versus x. (N = 100 r-f cycles to -10-db points.)
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the time response curves of Figures 2 and 3 since they are an alternative
method of discussing the resonant circuit characteristics,

Two additional observations can be made concerning the D(w/wb)‘
curves. The curves are slightly asymmetric about w/wo = 1.0, the pgaks
being higher for w < w_ than forw > w_ . This asymmetry decreases as Q
increases, and is negligible for Q values where the distortion is large.
Second, the location of the peaks of D(w/wo)‘ tend toward w/wo= 1.0as Q
is increased. A positive value of D(w/wov) corresponds, in a sense, to a
deficiency in the Fourier spectrum of the output voltage pulse. As the Q
is increased, the maximum ‘'deficiency’ occurs at a frequency closer to

the resonant (and r-f carrier) frequency.
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ABSTRACT

This report describes a ballistic analysis made of an electron beam
in a two-cavity klystron, which was assumed to have infinite cross section,
negligible space charge, nonrelativistic velocities, and gridded finite gaps.
The operating parameters of a catcher gap for maximum efficiency and th"e
velocity -filtering capabilities of a r-f gap interacting with a spent beam,
at large signals were investigated. The term ''velocity-filtering' means
a reduction in the velocity of bunched electrons of a certain velocity-class.
Al]l the characteristics in this study were computed by a Burroughs Datatron
220 digital computer, when necessary.

The behavior of an electron beam in a buncher gap was investigated
using a graphic analysis based on the results given by the digital computer.
The velocity and current distributions emerging from this gap were formu-
lated. The graphic results were approached by successively approximating
the transit-time correction factor.

The results obtained by successive approximation were then used
as initial conditions in analyzing the behavior of the electron beam in the
first drift space. A Fourier series was derived which describes the var-
ious harmonics of the beam current as functions of the operating parameters
of the buncher gap and the drift space, for large signals. The results are
found to be in agreement with those in the literature. |

The exit current and the exit velocity from the second gap were
formulated as implicit functions of entrance and exit times in forms appli-
cable to a digital computer, and the operating conditions of the second gap

were taken as parameters. The computer data were sorted for both a
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catcher gap and a velocity-filter .g.ap by kinetic energy calculations. The
catcher gap selected had an efficiency of 23,995 per cent,

. The same procedure Qvas‘ applied to a s~ec6nd drift space and then to

a third gap, so that the solutions corré‘sponde.d to a combinati‘on‘consi‘sti‘ng

of a two-cavity klystron and a velocity-filter cavity, With the known opera-
ting parameters of the catcher gap and the velocity-filter gap, the value of
the second drift angle for best ﬁlterilng‘ was determined. The velocity-filter
gap selected had an efficiency of 5.368 per cent, The addition of the velocfty-
filter gap was shown to decrease the intensities of X-ray radiation through

a given shield.
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‘1. INTRODUCTION'

The ballistic approach for analyzing an €lectron beam in a velocity-
modulated tube ;Nas first introduced by Webst,’er,1 Although his theory lacks
validity at or after crossover because of space-.charge forces and does not
apply to electron beams of finite radius because of fringing of the space=
charge fields, it has two advantages: (1) It is simple and provides an in-
sight into -the physical phenomena and thué serves as a guide for more
complicated theozliea,, and (2) it is fairly accurate at large-signal levels
for low-perveance beams.

The current tendency to deman‘"d higher power levels from klystrons
increases the importance of ballistic theory. In an experiment, Mihranz'
sh;:>wed that 'fdfiiarge signals, the electron beam showed ballistic behavior;
i, e,, the debunching effect of the space-charge forces became less impor-
tant. At the same time, in finite beams, the space-charge forces acted to
enhance bunching at large signals by debunching inner and outer electrons
differently.

In a high-power klystron, the velocity spread of the electrons in
the beam increases cons‘iderably at large signals, Hard X-rays emanate
from the collector of such a tube since the fast ele'ctrons reach velocities
that are capable of producing these X-rays, This is a serious disadvan-
tage of high-power klystrons, but it cah_, however, be overcome by de-
vising some means of obtaining electronic interaction with the spent
beam, the bearn after the catcher gap. The well-known method of the d-c
retarding field alone, i.e., application of a négative voltage to the collector,

would not suffice, since the d-c retarding field may turn back some of the




slow electrons while decelerating the fast electrons. A r-f ‘circui‘t, such
as a r-f gap or a helix, on the other hand, can be designed to interact
with the beam in such a way that only the fast electrons are decelerated.
Such a r-f gap is analyzed in this study, and it is called the velocity-
filter gap. A proper combination of the d-c¢ and the r-f methods, then,
may prevent radiation of X-rays,

The purpose of this study is to analyze the electron beam in a two-
cavity klystron, using a ballistic approach, to determine the characteristics
of the spent beam and to investigate the velocity-filtering capabilities of a
r-f gap. To simplify this analysis a model is chosen with the following
assumptions: (1) beam of infinite cross section, (2) negligible space charge,
(3) gridded finite gaps, and (4) nonrelativistic velocities. All the charac-
teristics in this study are computed by a Burroughs Datatron 220 digital
computer when necessary,

The analysis of the first gap is given in Chapter II. First a graphic
analysis'is made by setting up exact equations for the gap and solving them
with the computer; then analytical formulas are derived for the exit velocity
and the exit current. These derivations are based on successive approxi-
mations to the transit time and are compared with the graphic analysis to
determine the range of validity.

The results of Chapter II are used as initial conditions in Chapter III
for the analysis of the drift space. Fourier analysis of the current at the end
of the drift space results in a series which describes the various harmonics
of the current as functions of the operating parameters of the first gap and
the drift space for large signals. At this point, however, multivalued func-

tions resulting from the occurrence of overtaking come into play, and explicit
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analytical formulas no.longer approximate exact formulas. In the rest of
the analysis, therefore, one is restricted to dealing with exact implicit
formulas. |

In Chapter IV, the second gap is treated in the same- way.as the:
first gap-. A r-fvoltage is assumed across the second gap with variable
amplitude -and phase. The characteristics of the spent beam are deter-
mined by the computer and the résults are sorted out for both a catcher gap
and a Qelocity‘-filter gap by kinetic ene‘rg)‘r calculations,

Chapter V describes the effects of the second drift space and the

' velocity -filter gap on the characteristics of the spent beam, The analysis

is similar to work in the previous chapters, the operating parameters for
the catcher gap and the velocity-filter gap found in Chapter IV being used

as initial conditions.




II. ANALYSIS OF THE FIRST GAP

The first or buncher gap modulates the velocity of an electron beam,
This, in turn, causes density modulation in the drift space. In a “ﬁnite gap,
however, density modulation also takes place, This factor has been neg-
lected in previous analyses, and including it here extends Webster's analysis.

Exact equations for the first gap will be derived from the equation
of motion, and the characteristics of the beam will be calculated by the
computer, Analytical expressions of functional relationships will be based
on the exact graphic method with the é.ssumptions mentioned. Thus in this
chapter, a graphic analysis is first made,and then analytical formulas are

obtained by successive approximations.

A. GRAPHIC ANALYSIS (Computer Problem.)3
The equation of motion of electrons in the buncher gap, with a
sinusoidal input voltage and no space charge, is a simple second-order

differential equation,

e‘Vl
= sinwt . (2.1)
md

Using the notation of Figure 1, integrating Equation (2. 1) twice,

and substituting boundary conditions at t = ty and at t= t,, one obtains

eV

L]
zZ = v_+
(o]

(coswt_ - coswt) ’ (2. 2)
mwd a

eV1 eVl
d = vy t o coswt, (tb'tai) + —; (‘smwta-smwtb) . (2.3)




o =¥ (2. 4)
g - v,
Vi
a = - ; (2.5)
VQ

and no‘rma..lizing with respect to d-c velocity gives

L
> z a
Z = ;;Q—“ =14+ T (coswta-coswtb) , (2.6)
_ a ’ a . . ‘
eg = Q + 55— coswta)(wtb -wta) + -2-.6; (s1nwta - smmtb) . (2.7)
g

Equations (2. 6) and (2. 7) completely define the motion of electrons during -
the passage through the gap and give the implicit relation between entrance

time and exit time with the gap transit angle and depth of modulation as

parameters,
) FIRST GAP : SECOND GAP
PLANE @ t|> cl ?
|‘ fe————1 >: |
| b o |
95 by £l

Yo | Vb Ve | I
l | |‘ |
| | ' |
|<-v|‘sinwt->! | i

Tl‘M,E" ta ty -~ te B

Figure 1. Schematic Diagram of Two-Cavity Klystron with Parallel
Gridded Gaps.




The numerical computations of Equation (2. 6) and (2. 7) have been
carried out on the digital computer and are presented in a series of graphs
of norraalized exit velocity, v /v , versus exit time, wt, ; normalized

b’ "o b

exit current, ib/I , versus exit time, wtb; and the transit-time correction

o
factor, wtb -wta - eg , versus entrance time, wta .

Exit current is obtained by applying the principle of conservation
of charge through the gap; it can be determined from

dwta

. (2. 8)

S EPY
Numerical values of the n.grmalized current are found by measuring the
slope of the curves of the transit-time correction factor versus entrance
time at each point. Figures 2a, b, c show the results of this method for
three different gap transit angles with depth of modulation as a parameter.
Other results obtained by this method are presented in subsequent sections
of this chapter.

It can be seen from Figures 2a, b, and c that the normalized exit
current gradually becomes peaked as the d-c gap transit angle (G‘g‘)‘ is
increased, and that there is a phase difference-between the normnalized
exit current and the normalized exit velocity. Since deceleration and
acceleration of electrons during the corresponding half cycles of the input
voltage counteract each other, there is a limit to this peaking of the exit
current as the d-c gap transit angle is further increased; 6 =1 is a
practical gap transit angle, and it is used in the compu_tations throughout
the rest of this chapter and in the next chapter,

The wave forms of the exit velocity and the exit current show that
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they both hdve harmonics and that transit-time effects are nonlinear in the

buncher gap.

B. FIRST-ORDER ANALYSIS

When the results of graphic analysis are known, one can proceed
with the analytical study by making approximations in the derivations, and
comparing the results thus obtained with thoge of the exact graphic method,
The discrepancies will show the validity and the range of the analytical
forms.
1. Velocity Modulation

One must approximate the transit -time, since it plays an important
role in the physical phenomena within the buncher gap. Assuming a cor-

rection term,
wty = wt, + 8 . ‘ (2.9)
where

o = eg(l + 6) ega\ = wt - ot - eg ’ (2, 10)

and substituting Equation (2. 9) into Equation (2. 2), one obtains for t = ‘tb ,

e v 0
Vp = Vg + = w_ 2sin= sin (wtb - 2—)
sin — L
=v +41 v a 2 sin (wt - g) . (2.11)
o 2 © 0 b > .
& .
2

Expanding sin(wtb -g) by trigonometric identities and neglecting & terms

of higher order than the linear term, one can write Equation (2.11) as



-v—b = l+l‘pa sin(wt -?-§> + 1 ab cosig sin(wt - -e-&> -lpae cos <wt -
Vo 2 \ b2 2 2 b2/ 47 8 b
(2.12)
where
0 6 :
b= sin_zé .ZE . (2.13)

ditions at t = t and at t = tb , and Equation (2.9), one obtains |

voe adv ' av
d = — + cos (wt, -6) + [sin(wt‘ -90) - sinwt]
@ 200, b~ " o0g b"® b
(2.14)
Assuming
cos '[wtb -Og (1 + 6)] ~~ cos (w’cb -9g) ”
sin [wtb -eg (1 + 6)] == sin (wtb -eg-) ,
s.xi; [wtb -egé] ,.A\-; sin wtb ,
and neglecting the aé term gives
§ = 2_ [Asinwt + Bcoswt , (2. 15)
2 b b
8
where
A =z 1-cos9 -6 sin9 , (2.16a)
g g g
B =z sin6 -0 cos® . (2. 16b)
g g g

Substitution of Equation (2. 15) into Equation (2. 12) leads to.

6
2

Integrating Equation (2.2) and substituting in it the boundary con-

_&>,



v 6
b ‘ 1 o M el
K = 1+A+-2-pa sin wtb-—zs-) + Msin2 (wtb+(p) , (2.1.7)
where
1 a 2 '
A = 7 {38~ ‘ -(cos'eg - 1) , (2.18a)
g .
M = \P2+d (2. 18b)
i Q 2 2
Pz ~f{—)| (8in28 -8in® -6 _ +286 sin” 08 ) , (2.18c)
2 \20 g g 8 g g ,
g
1{a V 2
Q =z «=|— 'l + cos® -2cos ©6_ -6 sin2f | s (2.18d)
2 \20 g g g g
g
2@ = tan~} % . (2.18e)

Equation (2. 15) is plotted in Figure 3 for eg =mw. It can be seen that
while Equation (2. 15) is a good approximation for small signals, itis a

less satisfactory approximation for large signals.

2. Density Modulation
l Substituting Equation (2. 15) into Equation (2. 10) and rewriting it,

one obtains
wt, = wt - Gg - — [Asm wt, + Bcos wtb] . (2.19)
As in the graphic method, one can, by using Equation (2.8), express the

normalized exit current as

i

f =14 i (B sinwt, - Acoswt) . (2. 20)
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8 = 0.(1+3) +5 (2.23)

2) b

where 61 is given by Equation (2. 15), Substituting Equation (2. 23) into

Equation (2. 14), assuming
cos (wt, - 8) = cos (Wt - Gg - 9g61) + egaz sin (wt - Og - 9g61) ,
sin(wtb -6) A sin (mtb - Gg - OgGl) - Ogéz cos (Otb - eg - egal)‘ )
and neglecting aéz and 65 terms, one obtains

a
6, = -6, + — [sinwt - sin (wt
2. 1 29; b

b

(2.24a)
and’
a .
wtb-wta‘- Og = [smwt

20
g

b-sin(mb-eg-egal) - 8, (1+8)) cos(wtb-e‘g-egGI)]

(2. 24b)

Equation (2. 24b) is plotted in Figure 3 for Gg =m. It can be seen from
this figure that Equation (2.24b) gives a fair approximation to the graphic

results for larger signal values.

1. Velocity Modulation
Substitution of Equation (2. 24a) into Equation (2.13) leads, after
some rearrangement, to

2 4 2 2 :
b s () (cose -1) - L{2 ) |a%+ B%.AB sin26 - B2 o520 |
v > |78 g 7\26 g T2 g|

<

o

-13-

-0 -0 6 -0 (1+6 cos{wt, -8 -0 § .
ggl) g( ! (bggl)]



(A + A cos28 -B sin20 )| sinwt
g g b

-2

] ,
<2_; ) 1-cos® + _45 (2__:> (2B - A 5in20 - B cos 28 )| coswty
g g .
2 2 2
l1/a . l/a 2 . .
+3 T) B{cos®, - A sin®_+ 2.(?.) [ta® 484 sin20 - ?.ABJ sin2ot,
g g
2 ' 2
i/ e A cosB8 +B sin8_ - 1/ [(A2+B2) cos 20 + AZ-BZ] cos 2wt
2120 | g 21286 | g b
g g
0 3
+.z&<ﬁ> (A cosz0, + B sin20,) sin ot
A L | (A 8in26 -B cos26 ) cos 3wt, + = [ — [(B -A") sin20
4 Kze g g b’ g zeg : g
'/ .

b 26

4

+ 2AB cos 26] sin 4wt -I-.l L [(B‘Z-AZ) cos 20 -2AB sin26 ] cos 4wt

g 8 ‘ g g b
g

(2.25)

Equation (2. 25) is‘plotted in.Figure 4 for 6g = for comparison with the
graphic method, and in Figures 5 and 6 with the d-c gap transit angle as

al parameter. It can be seen from Figure '4 that Equation (2, 25) approximates
the graphic method fairly well ui: to :la'rge signals, ];"i‘gures 5 and 6 show

the effect of the d-c gap transit angle on the veloéity modulation. As ex-
pected, it can be seen that the modulation effect decreases, because of

partial cancellation,as the d-c gap transit angle is increased.
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Figure 4. Normalized Exit Velocity vb/vo versus Exit Time wt, , Com-

paring Graphic and Second-Order Methods.

2. Density Modulation

Differentiating Equation (2.24b) and neglecting third-order terms,

one obtains

ib dwta a [ ~d‘51
Io_ = a(_o)t_.t; =1 -E; [coswtb - COS8 (O)tb - Og) + eg (1 - egaw—tb

db

ds; 1 .
- Ggél a;-i;‘)cos (wtb - eg)]

1Y . 2 2
' - 9g61 m sm(wtb-eg)-eg (61+61

(2. 26)
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Substituting Equation (2. 15) and its derivative with respect to wtb and

rearranging terms gives

oo™

2 2
X RV ! o.z- 2 2 o (A"-B7) 6 .
= 1+(-2—e-;> B+2" (-ZTS-) (A”+B +e‘gAB) sin eg- ——Z—Bcos eg] smwtb
o Va1 (o ¥ a2482 0 aB)coso - B¢ ‘
-(zyg) S AviH -9, ) cos - T % smeg ycos wt,

2 2
+(_a_) eg (A cos eg + B sin eg)‘ sin 2 wtb - (—z&-) eg(A; sin Gg- B cos eg)cos Zwtb

26 6
i 8 g
QB 2. 83 (8%-a%.¢_aB)
+<Tg) [AB cos eg - — 98 cos eg+ i g sin eg] sin 3«)‘1:b '
2 2
- (s > ABsin® -(AZ-BZ)O sin 0 -(B A -ESAB) cos O l cos 3wt
28, | g Z g 8 Z g b

(2.27)

Equation (2. 27) is plotted in Figure 7 for eg = 7 for comparison
with the graphic method, and in Figures 8 and 9 with the d-c gap transit
angle as a parameter. Again it can be seen from Figure 7 that Equation
(2.27) aéproximates the graphic method fairly well up to large signals,
Figures 8 and 9 show the effect of the d-c gap transit angle on density
modulation. As in the graphic method, it can be seen that density modu-
lation first increases with the d-c gap transit angle and then decréases.'

It should be observed that the second-order analysis introdgces

harmonics up to the third harmonic in the current expression, and up to
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the fourth harmonic in the velocity expr‘essioxi, and that it extends the

approximation .to larger signals.
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III. ANALYSIS OF THE FIRST DRIFT SPACE

The electron beam enters the drift space both velocity-modulated
and density-modulated, a.z-1d it drifts in a field-free space. This drift action
produces further bunéhing of electrons, thereby i;'lcreasing the harmonic
content of the beam current. In his analysis, Webster neglects the density
modulation produced in the gap, since his analysis deals with small signals,
It was shown in the previous chapter that for large s.‘ignals, the density modu-
lation in the first gap was considerable, therefore the present analysis will
consider the density mod‘u;lation in the gap. It will include only first-order
terms, however, and will not consider space-charge debunching. Although
the present analysis is not valid after crossover, it will be extended beyond
crossover; for qualitatively, it anticipates important trends.

The time at plane c (see Figure 1) can be expressed as

) wl ‘
b
Shifting the reference of time gives
1 eg
wtb = wtb - . (3.2)

Dropping the prime, and neglecting the second-harmonic term in Equation

(2.17), one obtains from Equation (3. 1),

wtc -¢ = wtb - X Sinwtb , (3. 3)

-23.




g i A,

i B b e St AT i =

where

_ wl
% = 7
K
X-la.e
. £ 7 KBS,

(3.4a)

(3.4b)

(3. 4¢)

Equation (3. 3) shows thé functional relationship between the entrance and

exit times of the drift space.

A. DENSITY

The principle of conservation of char ;e for the drift space states

that

.ib dwtb = ‘1C dwtc

(3.5)

One can express the current at plane ¢ as a Fourier series given by

ic = Ao‘ + i An cosn(wtc“'- <P) +B_ sinn(‘wtc - ¢} (3.6)
n=1l
where
A =1, (3. 7a)
2w
i .
An = = | i_cosn (wtc -4 dwt‘c ", (3. 7b)
o
2w
1 . .
Bn = ;fxc s;nn(wtc - ¢) dwtc (3. 7¢)
[o] .
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If one uses Equations (2. 20), (3.2), (3.3).and (3.5), then Equations (3.7

and‘c) become

>
n

Ic)211+N:-J’ ° ] " in '
e [ in (wtb +¢ + -f-)) cos nEwtb - X sin wtbj dut, (3. 8a)
o
B-‘IO'21+N' %)\ o in wt ' v
== [ s1nQntb +y o+ _2&)] sinn [, - X sinwt, ] dot, . (3.8b)
é

Using Bessel function expre'ssions4 for trigonometric functions, integrating,

and using recursien formulas for Bessel functions, one obtains

[0 o]

1

' 0
-rs = 1+2 [1 +§-sin(¢ +—§)} Z Jn(nX) cosn(wtc -¢) ,

° n=1

n=l

6 3 (aX)
+ 2N cos(¢ +_2&) nT" sinn(ut_ - ¢) . (3.9)

It can be seen from Equation (3.9) that the beam current at plane ¢
is rich in‘harmonics and that each harmonic canl be calculated for any
specified condition from the equation. Equation (3.9} reduces to that of
Webster for small signals. It should also be noted that an additional
phase angle, Bn , is introduced by thé two independent components of

each harmonic, given by

REENGE)
1 + — sin ¢+—5- nJ_(nX) '
X g/l T . (3. 10)

tan pn = = 5 -
N cos <4J + _Eg) J;l (nX)
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Figures 10a, lla, and 12a show the first three harmonics, and
Figures 10b, 11b, and 12b show the phase angles of these harmonics as
a function of the bunching parameter (X), with the depth of modulation as
a parameter, for. Gg = 7. The maximum amplitudes of the fundamental
current for different depths of modulation (see Figure 10a) are seen to be
greater than the usual value of 1.16, which was also predicted in a bal-
listic analysis by Webbex‘-‘5 that included space-charge effects.

The first three harmonics are also plotted in Figure 13 as functions
of the drift angle 60 for eg =m. Qualitatively Figure 13a resembles
the experimental curves of Mihran, who also observed a saturation of the
maxima of the fundamental current, although he did not explain the resaon
for this.

Although space-charge effects were neglected in this study, the
results obtained parallel those of others within the range of validity, A
comparison. with. Solyma.r‘s6 results is shown in Figure 14, where it was

assumed that

D

B2 =

o o
— 3,11
p k ( )

B. VELOCITY

The transit time through the drift space can be assumed to be

(0.0]
wtb - (wtC - ¢) = Z bl sinl(wtc -d) , . (3.12)°
I=1
where
™
b, = i f ' [wtb“-'(wtc -¢)] sinl(wt_ -) dwt_-4) . (3.13)
=TT
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Integrating Equation (3.13) by parts and substituting Equation (3. 3), one

obtéins

W, = et - ¢+ f‘ £5,0%) sinl (at_ - o) . (3.14)
=1

Equation (3. 14) shows the functional relationship between the entrance
time and the exit time of the drift space. Figure 15 shows a comparison
of Equation (3.3) and (3. 14), where only the first three harmonics are
included in Equation (3. 14).

Since the drift space is assumed to be field-free, the equation of
motion becomes

z =0 . ‘ (3.15)

Integrating Equation (3. 15) and a.pplying the boundary conditions at

t =t , substituting Equation (2.17) with second harmonic terms neglected

b
and Equations (3.2) and (3.14), one obtains

v, o | - 23,(1X)
T 1+A+-2-p.asin ‘(wtc-¢)+ -—r—sinl(wtc-cp)‘ . (3.16)
o =

Equation (3.16) is plotted in Figure 16 with depth of modulation as a

parameter fot eg =m and 6, = w2 .
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IV. ANALYSIS OF THE SECOND GAP

It is well known that an eléctron beam has norilinear characteristics
and is rich in harmonics at the end of a klystron drift space., Analysis of
the beam through a second gap, therefore, becomes complicated, because
of overtaking and the multivalued nature of transit times. Analytical for-
mulas, which can be derived from such an analysis by making approxi-
mations similar to those made in Chapter II, become implicit expressions
of entrance and exit times as well as of various operating parameters.

For these reasons, only éomputer solutions are obtained in the
remaining parts of this study. Thus the main effort will be directed to
computing velocities and currents of a spent beam as functions of time rather
than formulating them analytically., This will permit realization of the
purpose of this study: (1) to investigate the characteristics of a spent beam
in a two-cavity klystron and (2) to investigate the velocity-filtering capabili-
ties of a x-f gap, using these characteristics as initial conditions. Addi-
tional information will be obtained about power output and tuning conditions
of the catcher gap of a two-cavity klystron for optimum operation, since
both velocities and currents will be known at t.he entrance to and at the -exit
of the second gap. Numerical calculations of kinetic energy will suffice

for this purpose,
A. COMPUTER PROBLEM

Fundamental current at the entrance to the second gap can be ex-

pressed, by combining its two components, (see Equations 3.9 and 3. 10), as

-34.




i =k sin(wt - & +B,) , (4. 1)
< 1

where k is the amplitude of the fundamental. Assuming a voltage V,
across the second gap with a phase angle' 1"2 with respect to fundamental

current, one can write the equation of motion for this gap as

- e VZ
i zZ = - E —-d— _Sin (wt + g) N (4. 2)
where
£E = -¢+ ﬁl+1"2 (4. 3)

Integrating Equation (4. 2) twice, substituting initial conditions at t = tc ,

and normalizing with respect to d-c velocity, one obtains

<
I~

Z = % + 292 [cos (wt + £) - cos (wtc + g)] , (4. 4)
g2
Yo %2 2l e -
ZzZ = ;-,-o- - 29 cOSs ((A)tc + g) | (t —tc) + zwe [s]_n (wt+§)« - sin (wtc + g)J | ,
g2 5
(4. 5)

where a, is the ratio of the assumed voltage V2 to the d-c beam voltage

Vo’ and where the d-c gap transit angle, eg , is defined by
2

wdz . .
0 T —— . (4. 6)
g2 vo

'Applyihg boundary conditions at t = ty to Equations (4. 4) and (4. 5)

and multiplying Equation (4.5) by w gives the following equations:
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o e S o s s

9 = v_c % cos (wt_ + &) (wt, - wt) + *2 [sin(wt+€-) sin (wt +§?)]
g; " Vo " 20 e " d "¢ 20 ‘ - c ’
. gz g2
(4.7)
A Ve a 7 ' o o
Tt [cos oty + ) - cos (at, . - (4. 8)

€2

Equation (4. 7) is used to compute the exit timr~ wt,, and Equation (4. 8)

d

to compute the normalized exit velocity vd/v0 for a given entrance time

wt, and for different gap parameters of a eg , and T

2 2

The normalized exit current is found by using the principle of con-

2 b

‘servation of'charge,and is expressed as,

c
i i
d
= = d:t —_ . (4.9)
o d|
dwt
c

The denominator of Equation (4. 9) is derived by differ‘en'tiating Equation (4. 7)

with respect to wtc , and it is given by

E—- 2 Awt,~wt ) sinfwt + &) - (wt, - wt) d (v—c—)
dot, v 29‘32 - wt c d "¢ dwt, \ Vo
P , .. (4.10)
A A a,
— t To [covs ((,.»td +£) - cos (mtC +§)]-

° %)

It shoull: be noted that the normalized entrance velocity vc/vo given by

Equation (3. 16) is a single-valued function of wtc and cannot be used for

-36-



large signals. On the other hand, the norinalized entrance current ic/I‘o’

given in series form by Equa.tion'(3. 9), is not suitable for a computer,

In the first drift space one has

6

1bd wtb = 1cd wtc s

z =0 s
ib n
— = 1 +N s:m.(wtb +4) )
o
v
.3 = 1+A+l.|.10. sin potb
v 2

o

Defining
%
X = Ot -3

(3.5)

(3.15)

(2.21)

_§> +M sinZ(wt‘b+llJ‘) NP

(2.17)

(4.11)

and neglecting the second-harmonic term in Equation (2.17), one can de-

rive the following formulas, which take the multivaluedness into account,

and which can be used i a computer:

e01
wt = x, +t ’
¢ k 1l + A +‘l a sinx
‘ ZH k
dwt 1 0 a Ccos X
c Z o1 M k
At = = 1 - ’
k™ ax ) 2
k (1+A+2- po 81nxk)‘

o |a

T IAHJ
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. ] .
-‘% = lI+'A + 9 pa sinx, %‘ (4.15)
v L pa cos x
-1 <v_°> = 2 ko (4. 16)
c o Atk

Equation (4. 14) gives the B_-tz_riof the series in Equation (3. 9) and is easily
applicable to computer programming. Equation (4.15) is-likewise multi-
valued aid can therefore also be used for-large signals.

It should be noted that Equation (4. 9) does not contain the summation
sign; therefore it gives the component of the normalized exit current id/I0
which corresponds to an increment of a specific entrance time wtc . The
intention here is to follow the separate current contributions from the in-
crements of different entrance time otc in future computations, This point

will be discussed again in later sections.

B. CALCULATION OF KINETIC ENERGY AND DISCUSSION

‘ Equations (4. 7) —(4.9) with the auxiliary Equations, (4.10) and
(4. 12) - (4. 16) were computed by the digital computer. In order to allow
experimental veriﬁcafion of the results obtained from the computer, the
physical magnitudes of the input parameters were selected to be applicable
to the dynamic beam analyzer,7 which is an experimental tool available in
this laboratory. Therefore a value of 1.75 radians for the d-c transit
angle of the first gap eg and a value of 2w radians for the normalized

drift distance 60 were chosen. This value of 60 places the second gap

at about one-ejghth of a space-charge wavelength of the dynamic beam tester,

-38.



The depths of modulation in the first gap a. and the second gap.¢, . are

1
taken from 0.2 to 1.0 in 0.2 steps; the d-c gap transit angle of the second
_gap‘ Bgz was taken from w/4 to 2w radians in w/4-radian steps; and
finally the phase angle I‘2 of the assumed voltage VZ across the second
gap with respect to the fundamental current at the entrance was taken from
- to w radians in m/4 -radian steps. For all cases mentioned above,
the entrance time wt  was .changéd from 0 to 2w radians with different
increments chosen from the cu;‘x;es of the normalized entrance current
ic/IO versus entrance time wtc as needed. Thus, it can be seen that the
computer calculations cover a wide range of operating conditions.

It should be pointed out here that the assumed voltage VZ across
the second gap may either be induced by the electron beam or be applied
externally. Separation of these states is possible by kinetic energy cal-
culations at the entrance to the second gap and at the exit from it. Ob-
viously, a decrease in kinetic energy through the second gap indicates that

power is taken out and that the voltage V., is induced by the electron beam,

2
An increase in kinetic energy, on the other hand, signifies that power is
fed into the secoﬁd gap and hence that voltage VZ is applied externally,
The argument for the existence of such a gap voltage depends upon the phys-
ical realizability of the circuit parameters associated with its phase angle
I"Z‘, i. e., actual total admittance and resonant frequency of a specific
cavity us=sd as the second gap. This point will be discussed further in the
next section,

The computer data are so arranged that, for a given set of operating

parameters, the normalized exit current id/Io , the normalized exit velo-

city vd./vo , and the exit time wty are given, together with their corre-
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sponding counterparts at the entrance; i. e., the normalized entrance cur-
rent ic/Io , the normalized entrance velocity vc/vo , and the entrance
time wt .

c

Normalized kinetic energy per cycle of the electron beam can be

computed from

wk : 2 /i N2
27W = = L)) det (4.17)
1V I./\Wv. ./
o 0 o
where W,

Kk is the kinetic energy per cycle, i/Io is the normalized current,

and v/vo is the normalized velocity at time wt.

1, Two-Cavity Klystron and Velocity-Filter Gap

Figure 17 shows the fundamental component of beam current at the
entrance to the second gap for différent depths of modulation a, at the
first gap with a value of 1.75 radians for the d-c transit angle of the first
gap eg as a function of the first drift angle eo..‘ ‘The drift angle of 2w
radians used inA the computer run is shown by a vertical dashed line. It
is seen from the figure that the maximum value of the fundamental current
occurs between a; = 0.6 and a, = 0.8.

Figure 18 shows the normalized current iC/Io and the normalized
velocity vc/v0 at the entrance to the second gap for different depths of
modulation’ a at the first gap, Velocity curves in Figure 18 indicate that
there are two stationary points on all curves. These points corr:esp_ond to
those electrons that pass through the first gap at times when the r-f field

at the first gap changes from decelerating to accelerating and vice versa,

With respect to the stationary points, therefore, electrons in the beam at

-40 -
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e 2 e b 3

the entrance to the second gap gan be divided into the fol‘lowing classes:

Class 1 - bunched fast electrons (near the first stationary point),
Class 2 - bunched slow electrons (near the first stationary point),

Class 3 - -electrons near the secoind stationary point.

It is obvious from Figure 18 that as the depth of modulation a, is increased,

1
two bunches of electféns occur, one of fast electrons (Class 1) and the other
of slow electrons {Class 2). Since the drift angle 60 is constant, Class 1
and Class 2 electrons begin to debunch at about a, = 0.8. . The optimum

= 0.8, which can also be easily

1 1

predicted from Figure 17. The deviation of velocity from the d-c value

bunching occuxs between a, = 0.6 and a

increases as the depth of modulation Oy is increased.

The operating parameters of this analysis are the depths of modula-

tion at the first gap a and at the second gap a,, the d-c transit angle

1 s
of the second gap ng,; and the phase angle 1"2‘ of the voltage V2 across

the second gap with r’éspect to the fundamental component of the beam cur-

rent at the entrance to the second gap. In the following analysis, therefore,
one of these parameters will be varied while the other three parameters are
held constant. Numerical caicplations of Equation (4. 17) using the computer

data show the types of operation shown in.Table I.

TABLE I.
Types of Operation Indicated by Computer Data

Type Kinetic energy Maximum value of exit velocity
w (normalized) vd/vo (normalized)
Type 1 decrease decrease
Type 2 decrease increase
Type 3 increase increase
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Cases of Type 3 are automatically excluded, since they are not in-
cluded in the present s.tudy, but they might be used to represént the middle
cavity in an analysis of a three-cavity klystron. The amount of the decrease
in the normalized kinetic energy is, in general, greater in Type 1 than in
Type 2. . Further computations for Type 1 show that the greatest decrease
in maximum velocity does not necessarily accompany the maximum output
power, and the operating parameters are different for each of these cases.

In Figures 19 - 28 and in Figure 31, each class of electrons will be
designated so that the reader can refer to Figure 18 to get a clear picture
of the behavior of the electron beam. Figure 19 shows, for a, =0.8, a2= 1.0,
and 9g2-=1t , the normalized exit current id/Io , and the normalized exit
velocity vd/vo, as functions of the exit time wt § when 1"2 is varied from
0 to -w radians in m/4-radian steps. Since the gap width and the voltage
across the gap are constant, this series of graphs corresponds to the cases
where the magnitude of the r-f field is held constant and the phase of it
with respect to the beam is shifted. It is seen that under these operating
conditions Class 1 and Class 2 electrons undergo changes while Class 3
electrons (of which there are only a few) are affected very little. As I‘2
is increased in the negative direction, the two bunches already existing
come closer and form..a single bunch. This bunching seems to be related
to the velocity in such a manner that the maximum velocity of Class 1 elec-
trons increases as the negativeness of 1"2 is increased and as power is
fed into the éap. The case for I‘2 = -m/4 is the optimum operatioh for this
series for output power, but the efficiency is very small since the bunch

of Class 2 electrons is accelerated while the bunch of Class 1 electrons

are decelerated in passing through the gap. Overtaking occurs within the

-44.-



z ‘
cu=%g pue ‘grr=% ‘go=lo

pue sa[fuy aseYJ IUS I9JFLJ 105 (out] uayoaxq) Pio 2wy, 31X SNSIaA o>\v> £310072 7

XY pPaZITeWION vzd.ﬁmﬁﬂ piios) vu3 awIl], 31X5 SNSIDA oH\vw Jus 1IN X PIZITRUWIION .oa.whswwh

| I «£ SSV1O> ~o O\ 4¢
i : N
' /I
f Y
: sl I»
£
. zssw1s) lissvio 1€
:
. ° [ P
™ 3 (L) m
, 1 2 s v € z ) z ) s » € z 4 W, L B s » € z 1 (O
_ = - - + v —— T v 4 T = v T v T T
. vof— — B e i 1]
gol (142

o o

A 1

A sl

af o/;i i
; o1l Y
1
|
]
| 15513 z ssvio ¢ zssviof 1° 2 ssy1d 1ssV12 1
i .
ALIDOVIA D-13 A ANIBUND D-0+3 AUDOIIA-=—~ AN3NEND

-45-



gap between I, = -m/2 and T, = - 3mn/2.

Figure 20 shows, for a, = 0.8, a, = 1.0, and 1"2 = -1r/2 , the nor-
maliized exit current, ld/IB » and the normalized exit velocity, V;a/V'.b ; as
functions of the exit t’ime wty, when egz is varied from 3m/4 ¥o /4
radians in m/4-radian steps. As egz is increased, Class 1 and Class 2
electrons first bunch together, overtaking occurs within the gap, and then
these two classes of electrons begin to debunch. It should be noticed thét
the magnitude of the r-f field decreases continuously in this series of
graphs. The phase angle I"2 is such that both the bunch of Class 1 elec-
trons and the bunch of Class 2. electrons are decelerated continuously from
one case to the other. At the beginning of éhe series; power is fed into the
gap for egz % 31/4 and 6g, * W cases, but it is taken out for the remain-
ing cases. The case for egz = 7m/4 represents the velocity-filter gap,
in which there is a 10.3 per cent decrease in the maximum velocity,and the
efficiency id 13.5 per cent.

Figure 21 shows, for dl = 0.8, egz =mw/2, and r,= -n/4, the
normalized exit current,. ild/I;): » and the normalized exit velocity, Vyi/,Vé 3

as functions of the exit time, wt,, when a_ is varied from 0.2 to 1.0 in

2
0.2 steps. This series of graphs represents the catcher gap of a two-

~cavity klystron, In these cases, the debunching of the beam during one

cycle.and the phase angle FZ are optimum for energy extraction from the
beam. Velocity spread and efficiency increase as a, v(and therefore the
magnitude of the r-f field) is increased. Velocities of Class 1 electrons
change little, but the amount of charge of thig class of electrons decreases
continuously. Velocities and the amount of charge of Class 2 electrons

change drastically, and a split occurs in the buynch of Class 2 electrons.
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U

Class 3 electrons, on the other hand, fall out of phase and take energy from
the r-f field; consequently their velocities (and hence their kinetic energies)
increase,

Figure 22 ‘shows‘, for a, = 0.8, egz = 711'/4, and I

», and the normalized exit velocity, V/d/'vfo »

2= -n/2, the

normalized exit current. iH/Ib

as functions of the exit time wt,, when a, is varied from 0.2 to 1.0 in

a’
0.2 steps. This series of graphs represents the velocity-filter gap when
the electron.beam at the entrance is assumed to be a spent beam. Since
the gap is long, overtaking within tine gap has already occurred between
Class 1 electrons and Class 2 electrons. They appear as a single split
bunch. The debunching between the two classes of electrons increases as
a, increases, (therefore the mégnifude of the r-f field increases), where-
as Class 3 electrons pass through the gap almost unaffected. The interest-
ing feature of this series of graphs is that whereas Class 1 electrons are

being decelerated and are givin-g their energies to the r-f field, Class 2

electrons are accelerated and take energy from the r.f field. Velocity

'spreads, output powers, and efficiencies are smaller than those of the cases

shownin Figure 21, but the extent of the decrease in the maximum nor -
malized velocity is greater.
. The behavior of the electron beam when it passes through the catcher

gap of a two-cavity klystron and through the velocity-filter gap is shown

in Figures 21 and 22 respectively. A better understandihg can be obtained
if, in addition, one examines the changes in the incremental charge Aq

and in the incremental kinetic ehergy AW of electrons in a specific range
of velocities. For this purpose bar graphs representing percentages of

Aq and AW for ranges of velocities spanning ten per cent of the d-¢ velo-
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city are used, Each ten-per-cent span will be termed a velocity-class in
this report. Electrons will be designated either by their velocity-class

or as: (1) slow electrons — those having velocities less than the d-c velo-
city, (2) fast electrons - those having velocities more than the d-c velo-
city, -

Figure 23 shows the percentage of in:remental charge Aq, and the
percentage of full incremental kinetic energy AW versus velocity-class at
the entrance to the second gap for the case of a; = 0.8. Itis seen that the
total incremental charge is 49.264 per cent, the total incremental kinetic
energy is 28,303 per cent for slow electrons; and the total incremental
charge is 50,736 per cent, the total incremental kinetic energy is 71.697
per cent for fast electrons. It is also apparent that the charge is accumu-
lated mostly at the extremes, and that this accumulation of charge corre-
sponds to the existence of bunches in the beam at the entrance to the second
gap. On the other hand, since the kinetic energy is proportional to the
square of the velocity, the total kinetic energy of the fast electrons is
about 2.5 times the total kinetic energy of the slow electrons, whereas the
ratio of total charges is almost equal to one.

Figure 24 shows, for a, = 0.8, the percentage of incremental charge
Aq versus the normalized velocity-class vd/vo, with a, as a parameter,
at the exit of the catcher-gap selected (i.e., ng =mw/2 and r,= -m/4).

In each case of this series of graphs except in Figure 24b, it is seen that
the total percentage of Aq is decreased for fast electrons, and that the
velocity spread is wider than that at the entrance, although the maximum

velocity-class does not exceed 1.4, This obviously means that, on the

average, the electrons are decelerated and power is taken out from the
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electron beam. The main effect of increasing the r.f field (i.e., in-
creasing °2') in this gap is to decelerate the electrons. In some velocity-
classes, there is an increase in the percentage of Aq when a, is increased.
This increase occurs because at the entrance to the gap, the electrons in
a velocity-class have different phlases with respect to the r-f voltage across
the gap. Some of these electrons are accelerated while others are decel-
erated. To visualize this phenomenon, one should examine the adjacent
velocity-classes, In Figure 24(d), for example, both the percentages of
Aq for the velocity classes 1.1 and 1.2 show slight increases from the pre-
vious case. Examining the velocity-class 1.0 (i.e., 1.0 - 1.1), one can
see that the decrease in this class of electrons is greater than the increase
in the higher velocity-classes. In other words, a few of the electrons of
velocity-class 1.0 are accelerated while a greater number of them are de-
celerated.

Bar graphs representing the percentage of incremental kinetic energy
AW versus the normalize.d velocity-cliass, vd/vo, with a, as a parametes .
are depicted in Figure 25 for the catcher gap selected. It is seen that as
a, is increased, the total kinetic energy for the electron beam, as well as
for the fast electrons, decreases continuously. The:total kinetic energy for
the slow electrons first decreases and then increases as a, is increased.
This increase is not due to the acceleration of slow electrons, but is due
mainly to the increase in their total charge. The changes in the total kine-
tic energy of the slow electrons are, however, only a few percent. Ob-
serving the same phenomenon as in Figure 24(d), one can see that the per-
centages of .AW for the two velocity-classes 1.1 and 1.2 show slight increases,

but the decrease in the percentage of AW for the velocity-class 1.0 is greater
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than the increase in the higher velocity-classes.

Figure 26, which is similar to Figure 24, is for the velocity -filter
gap selected (i.e., eAgZJ = /4, 1"2'= -w/2), and for e, = 0.8, The total
percentages of Aq for both the slow electrons and the fast electrons change
a few percent as a, increases. The percentages of Aq of the velocity-
classes higher than 1.2, however, decrease appreciably, from 30 per cent
to 7.80 per cent. In contrast to fhis, the percentages of Aq of the velocity-
classes lower than 0,7 increase from 18,75 per cent to 25.80 per cent.

Figure 27 shows. the percentage of incremental kinetic energy AW
versus the normalized velocity-class vd/v0 , with a, as a parameter, for
the selected velocity-filter gap. The total percentages of AW both for the
electron beam and for the fast electrons decrease continuously, as expected
from Figure 26, but as a, 'is increased the total percentages for the slow
electrons first decrease and then increase. This increase is comparable to
the increase in the total percentage of Aq, since most of the cha;nge occurs
near the velocity-class 1.0,

An illustrative comparison between the catcher gap and the velocity-
filter gap is shown in Figure 28. One salient point is the occurrence of over-
taking within the gap in the case of the velocity-filter gap. The beam is also
bunched more in the velocity-filter gap than in the catcher gap. On the other
hand, the velocity spread of the electrons and hence the output power is larger
in the catcher gap.

A numerical comparison between the catcher gap and the velocity-
filter gap, selected as indicated, is given in Table II. In the table there are
two columns for each case; the left column represents the percentage of

decrease in maximum velocity, and the right column the percentage of power »

’
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Figure 28, (a) Normalized Exit Velocity vd/vo versus Exit Time wtd;
(b) Normalized Exit Current id/Io versus Exit Time wt, for
the Selected Catcher Gap (solid line) and for the Selected Velo-
city - Filter Gap (broken line).
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TABLE II.

Velocity Decreases and Efficiencies
for Catcher Gap and for Velocity-Filter ‘Gap

0, ="/2 T, = n/4 o, = T/ T, = /2
Velocity Efficiency (%) Velocity Efficiency (%)

e, decrease (%) decrease (%)

0.2 | 1.881 | 5. 356 ‘ 2.128 ' 2.778
0.4 | 3.218 11.981 - 4.255 5.883
0.6 | 4363 17.477 6.294 8. 372

0.8 5.247 18,571 . 8.310 10. 612

1.0 2.370 23,995 10. 327 13,552

exchange. It is apparent that the decrease in maximum velocity is not pro-
portional to output power in the casé of the catcher gap, as it appears to
be in the velocity-filter gap.

It can be concluded from the analysis of this chapter that at large
signal levels one cannot easily predict the operating parameters for a
catcher gap without calculating the kinetic energies at the entrance of the
gap and at the exit from it, In contrast to this, the operating parameters
for a velocity-filter gap can easily be predicted by the decrease in the maxi-
mum velocity at the exit from thé gap. Efficiency of a velocity-filter gap
is usually lower than that of a catcher gap, since slow electrons, being out
of phase, are accelerated and take energy from the r-f field. " This sug-

gests elimination of slow electrons in a spent beam by some means, pre-
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ferably electrostatic, before the beam is allowed to pass through a velocity-
filter gap,

Lo i .
2. Loading Conditions of a Two-Cavity Klystron

It was previously mentioned that the existence of the assumed voltage
VZ across the second gap depends upon the physical realizability of the
circuit parameters. Once the operating parameters and the power exchinge
for the second gap are known from the preceding analysis, the circuit para-
meters can.be determined.

The equivalent circuit for the second gap is shown in Figure 29,
where GT represents the total conductance,and BT represents the total

susceptance of the cavity proper; i.e.,

G, +G_+G
c

GT = G, b ) (4.18)
BT = B, +-BC+Bb R (4.19)
where

Gl = load conductance referred to the cavity,

Gc = conductance representing the circuit loss in the cavity,

Gb = beam-loading conductance,

Bl‘ = load susceptance referredto. thé cavity, . . « i,

BC = susceptance representing the tuning of the cavity,

Bb = beam-loading susceptance,

I. = induced current at the cavity.

Figure 29b shows the vector diagr‘am for the fundamental component

of the entrance current ic1 and the voltage V, across the second gap.
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Figure 29. (a) Equivalent Admittance Circuit for Second Gap, (b) Vector
Diagram for Fundamental Component of Entrance Current ic ,
and Voltage V2 across Second Gap.

When the reference is shifted to the center of the gap, the phase angle vy

between i and V2 represents the phase angle of the total admittance

€1
shown in Figure 29a if the cavity has a high Q; that is, if no harmonics
are present in the induced current, The difference between the calculated
kinetic energies at the entrance and exit of the second gap represents the
power transferred to the load and the power dissipated in the cavity. One

can then write

w - W

k tra it
Pk - entrance exi . (4. 20)
2w
G'v2
Pk = > , . (4.21)
where
t
G = Gl +GC . (4. 22)
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One can thus determine the load conductance Gl referred to the cavity

from Equations (4. 20) - (4.22) and from measured values of Qo and Qx

of the cavity.

]
|
!
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V. ANALYSIS OF SECOND DRIFT SPACE AND LAST CAVITY

In this chapter it is assumed that the operating characteristics of
the catcher gap and the velocity filter gap are as determined in the previous
chapter, Because of the complexity of obtaining analytical formulas for
the current and the velocity of thé beam as functions of exit time, wtd , at
the exit from the second gap, only computer solutions are sought for these
characteristics. Also, in the formulation of the problem, which follows,
the total current is not calculated; instead, current contributions from the
increments of different wt times are traced along the tube. Thus the
physical phenomena taking place at any point along the tube are readily
understood. The analysis here is similar to that of Chapter IV. The known
characteristics of the catcher gap will provide the initial conditions at the
entrance to the second drift space, and the known chatracteristics of the

velocity-filter gap will be used as those of the third gap.

A, COMPUTER PROBLEM

Since the second drift space is again assumed to be a field-free space,

the equation of motion is
Z = o . (5. 1)

The time at plane e (see Figure 30) can be expressed as

902
wte = mtd+ " /v , (5. 2a)
d o
w,lz
e‘o?. = v . (5.2b)
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Integrating Equation (5. 1) once and applying the boundary conditions at

t= td , one obtains

v
€
v
o

\2
d
T , (5. 3)

)
where Vd/Vo is given numerically by the computer, Differentiating Equa-

tion (5. 2a) with respect to wty, one obtains

@l 4 (Vd>
— - ° d \ ° (5. 4)
dwtd 2
o
From Equation (4. 8), one can derive
v a
d N IR sin(wt _ + §)
v dwt, \V, 20 c a
d d 82 ‘ .
— (v_> = 3% vs1n(wtd+ £) ;
w dwt
d (o] w d gz
dwt (5.5)
C R
First Gap Second Gap Third Gap
Plane a tl) cl: ? ? f
!
F—dn—j, <4z <= dg>
T B e e N
Curren Io: ' |c=‘ lig le i
Velocity Vo; A v” ¥ Ve | IV
| I I | I
. | | 1 ] ] | .
- Time t, ty te tq te ts
Figure 30. Schematic Diagram of the Combination of a Two-Cavity Klystron

and a Velocity-Filter Gap.
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-‘dwtd/dwtc is given in Equation (4.1 ) and dl(vc*/i,vo)/ dwt.! in Equation
(4. 16), Using the principle of conservation of charge for the second drift

space, one obtains

d
i I,
. — . (5. 6)
b |aat,
dwt

Equations| (5. 2).-—(5.6) define the normalized current, ie/Io , and the .nor-

malized velocity, ve/vo‘, as functions of time, wte, corresponding to
specific wt, times.,

Assuming a voltage V3 ‘across the.gap with a total phase F3 with
respect to the fundamental current at the entrance, one canwrite the equation
of motion for the third gap as

v

. 3 .
z = - e sin (wt + l"3) . (5. 7)

€
m

Integrating Equation (5. 7) twice, substituting initial conditions at t = te ,

and normalizing with respect to d-c velocity, one obtains

v a
5 e . . :
Z = — 1 55 [cos (wt + I"3) ~ cos (wte + I 3)] , ~ (5.8)
Q g3 '
and
Ve a
Z = v " 39 cos(wte+1“3)» (t-te)
(o] g3
ag ‘ .
+ 508 [51n (wt + 1"3) - 8in (wte + 1"3)] , (5. 9)
g3

where ag is the ratio of the assumed voltage, V3, to the d-c beam voltage

Vo' and the d-c gap transit angle, eg , is defined by
3 .
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wd3
0 [—— . (5.10)
g3 Yo
Applying boundary conditions at t = te to Equations{(5. 8) and (5. 9) and
multiplying the latter by w gives the following equations:

A a

e 3 ‘

9g3 = ﬁ T cos (w’ce + 1"3) (mtf - wte)
g3
%3
+ 5o [sul(wtf + ) - sinfot_ + r3)] , (5.11)
g3
Vf Ve 0.3 ‘
;o_ = K + 55 [cos ((.otf + 1"3) - cos (mte + 1"3)] . (5.12)
€3

Equation (5. 11) is used to compute the exit time, wtf, and Equation (5. 12)
to compute the normalized exit velocity, Vf/vo

The principle of conservation of charge for the third gap results in

i

.
i I
f£..=____°____ . (5. 13)
o d(..)‘cf
dwt
‘ e

The denominator of Equation (5. 13) is found by differentiating Equation

(5.11) with respect to wte; therefore

v a

e 3 , d Ve
— - (wt, -wt )} sinfwt_ + I',) ~ (wt,-wt }) — —
dw tf Vo 26 g f e e 3 f e d“’te vy
dwt - Ve a . r ( r ’
- 1+ [cos wt. + - cos (wt_ + ]
v, z‘eg3 f 3 e 3 (5. 14)
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where

dwte

dwtd

e
v dwt ., v d v
d (.2) -4 _d <_£> o 399 \"o) (5.15)

It should be noted that since all the derivatives are single-valued,

the reversal of the derivatives at various stages of this analysis is valid,

This is a result of considering the components only, rather than the total
contributions of current from the increments of wtc time, Total currents
and corresponding velocities can be plotted from computer data at any

major point along the tube.

B. VELOCITY FILTERING
Equations (5.2) - (5. 6) for the second drift space and Equations

(5.11) ~(5.15) for the third gap were computed by the digital computer.

‘Since the operating parameters of the catcher gap and the velocity-filter

gap were known, they were used as constants of the problem, with the
normalized second drift angle 9‘02 as a variable.

One can see from Figure 28a that Class 1 electrons and Class 3
electrons have almost the same velocity and they are almost w radians
apart., The drifting of the electron beam in the second drift s;.>a.ce, th;ar'e-
fore, will not alter their relative pos'}tions with respect to each other.
Consequently, in the third gap, with 'ch‘e~ known operating parameters for,
the velocity-filter gap, Class 3 electrons will be accelerated while Class 1
electrons are decelerated. This will result in a greater maximum nor-

malized velocity in the electron beam at the exit from the third gap than
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that at the exit from the second gap, which can be shown to be an improve-
ment so far as the intensities of the X-ray radiation are concerned, since
the amount of charge of Class 1 electrons is very much larger than that of
Class 3 ele;:trons. These intensities are calculated and discussed in the
latter part of this chapter,

The computer data have shown that for the velocity-filter gap to be
most effective on Class 1 electrons,the optimum drift angle 902 must be

911'/4‘. The normalized exit current, i'f/,I(‘) , and the normalized exit velocity,

")f/‘vo , as functions of the exit time, wte, are shownifor the optimum case -

in Figure 31 where 6_, = 9m/4, eg3 = Tw/4, I, = -v/2,and a, = 1.0. Each

3 3
number on the curve shown in Figure 3la is the number assigned to an elec-
tron at plane ¢ (Figure 30), which is chosen as an initial condition for the
computer problem of Chapter IV, (The initial conditions at plane c for

e, = 0.8 are given in Appendix I.) It is apparent from Figure 3la that
several overtakings occur, some in the second drift space and some in the
third gap. These are due mainly to the large velocity spread in the electron
beam at the exit from the catcher gap, The important groups of electrons
are the decelerated Class 1 electrons and the accelerated Class 3 electrons.
The rest are used only to compute the total kinetic energy of the electron
beam, Bar graphs similar to those previously used are shown in Figure

32, If Figure 32a is compared to Figure 24e, it is apparent that, following
the velocity-filter gap, the two bunches existing in the electron beam shift
to lower velocities, but a smali percentage of electrons (of Class 3) shift

to higher velocities. The velocity spread, therefore, is somewhat the

same as it was at the exit from the second gap. Both these shifts can again

be seen if Figure 32b is compared to Figure 25e. It should be noted that
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Figure 31. (a) Normalized Exit Velocity vf/vo versus Exit Time _wtf;
{b) Normalized Exit Current. if/Io versus Exit Time wtf for

L, = 9n/4, eg3 =7m/4, T3=-m/2, and az = 1.0,
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for slow electrons the total incremental kinetic energy, £AW, does not
show an increase, but for fast electrons it shows a definite decrease, This
is as expected, since the velo;:'.ity-ﬁlter gap selected ‘interacts primarily
with the fast electrons. The calculations 6f the total kinetic energy show
that the power is taken out and that the efficiency of the selected velocity-
filter gap is 5.368per cent. .

The power taken out from the velocity-filter gap represents a fur-
ther decrease in the total kinetic energy of the spent beam é.nd hence a
decrease in the total X-ray radiation from the collector (the target). Be-
cause of unavoidable phases and velocities cf Class 3 electrons, the hard-
ness of this radiation incrqase-;. In spite of this, the introduction of the
velocity-filter gap produces an improvement in X-ray radiation simply by
decglerating the highly bunched Class 1 electrons. In the following dis-

cussion the transmission of the contihuous X-ray spectrum (Breméstrah‘lung)

through a given shield will be considered, and the transmitted intensities
of various wavelengths, witix and without the velocity-filter gap, will be
compared.

The continuous X-ray spectruﬁ1 has some interesting features. The
wavelength characteristics of the continuous spectrum are independent of

the material of the target, but are determined by the voltage applied to the

"tube (see Figure 33). It is seen from Figure 33 that for a definite voltage,

no radiation occurs up to a certain wavelength, (\ ). '"Having passed

min
this wavelength, the intensity rises sharply to a maximum, and then grad-
ually falls to a relatively low value., The intensity of the continuous spectrum -

is dependent on the target material, the tube current and the applied voltage

as well as on the thickness of the target. n8, 9 It was shown that the con-

-72-



10

- 0‘0\
/o’ 350 KV
F\
°
8t
4 °
E <\
w o \o °
o 6f / N\
- | o
z AN
= J o\ \
w‘
> o 3
= | o
< 4r \% K
& N\
@ 30KV °\ %
. /0’0-.0\0 . % \
J \o\ \o o\o‘ _
o, \ N
2r N\ o °\
o\ \O °~°~
[ 0\ ~
o\b 0\0‘0
. . ~ ~
a [b ¢ d 0-2-9451/9 °-°.°~°-
o” ~O0mga
] 1 La” J O=0uouy
o} 0.2 0.4 06 0.8 1.0
WAVELENGTH IN ANGSTROMS
Figure 33. Relative Intensity versus Wavelength in Angstroms for a

Tungsten Target at Various Voltages. (After measurements
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tinuous spectrum emitted by a thick target can be approximated by the con-
tinuous spectrum emitted by a thin target. The usual assumption is that the
total emission from a thick target is obtained by considering a summation
over each of the emissions from a series of thin targets one behind the other,
with the energy of the incident electrons decreasing for each succeeding

10 In this discussioh, héwever, we are not interested in the

thin target.
absolute value of the intensity of the continuous spectrum at a specific wave-
length, but in the relative intensity transmitted through a given shield.
Qualitative relations of the various parameters will therefore suffice,

The equations for the minimum wavelength and the intensity of radia-

tion at a given wavelength in terms of'the voltage and the current of the elec-

tron beam are:

k
o= = 5.16)
1 v ) ( )

and11

1.
: —_ i . (5.17)
A )\2 1

From Equations (5. 16) and (5. 17), one can write for two different wave-

lengths:
J v o
| i
Mo ‘.,l (L) (5. 18)
‘ i
J)\z 2/ - \2
which can be transformed into
- \2
Jﬂ = :_1 :fi , (5. 19)
Ine 2 W
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since

vV = .;. Doy, (5. 20)

where W1 represents the kinetic energy corresponding to i1 and v1

The transmission inténsity varies exponentially with the mass ab-

sorption coefficient, uw/py, the density, p, and the thickness, x ,, of the

shield material, as,

= e . (5.21)

The ma ss absorption coefficient depends on the shield material. and the
wavelength A\, Nand is usuall;y directly proportional to the density and in-
versely proportional to the Wavelength. Mass absorption coefficients are
determined experimentally d@nd are given in the literature,

If a reference intensi.t'y ét‘ a given wavelength is chosen, then from
Equations (5.19) and (5 Zl),fione has

(%)
. px
A/ 2w

{

: . (5. 22)

J Vref Wref ‘
Since the present work is intended to apply to high-power klystrons,

a d-c¢ beam voltage of 250 kv is chosen for the two-cavity klystron for

the following computations. It is seen from Figures (24e) and (25e) that

the maximum percentage of Aq and the maximum percentage of AW are

those of velocity-class 1.2, The intensity of radiation from this velocity-

class of electrons, therefore, is taken as the reference intensity. The
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material of the shield is lead (p = 11.005 gr/cm3) and the thickness of it
is assumed to be such as to drop the reference intensity to 1/e of its in-

cident magnitude. The mass absorption coefficients for lead are plotted in

Figure (34), in the wavelength range of intere»st.lz‘ Equation (5. 21), then,
gives
J_ o ¢-+4x11.005x _ 1
Iref €
x = .22717 cm,

This thickness of .22717 cm and Equation (5.22) are used in the rest of
the computations. The results are tabulated in.Table III.

It is seen from Table III that the maximum transmitted intensity
with the velocity-filter gap is less than the maximum transmitted inténsity

(the reference) without it.
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VI. CONCI.USIONS AND RECOMMENDATIONS

A. CONCLUSIONS

Aithough this study was based on a very simple model, many inter-
esting and important results were obtained, which may serve a's guides for
future investigations. Conclusions from this ballistic analysis can be grouped
under: (l) exact graphic analysis and its approximation, which includes

the first gap and the first drift space, and (2) c&nputer solutions, which

includes the second gap, the second drift space, and the third gap.

1. Exact Grraphic Analysis and Its Approximation

Exact graphic anaiys-is reveals the physical relationships in the
first gap and in the drift space, but it is tedious and time consuming and
does not give the functional réiationships between the various parameters.
Approximating the graphic method aﬁalytically, on the other hand, is de-
monstrated to be valid, the second-order method both approximéting the
large-signal cases well and also giving analytical formulas that reveal
infoxrr;xation about the harmonics,

In the first gap both veidcity and current modulations are produced
during the passage of the electron beam through the gap, and the transit
time plays an important role in these phenomena. The velocity modulation

is proportional to the depth of modulation a but is inversely proportional

1 ’

to the d-c gap transit angle Og The difference between the minimum

velocity and d-c velocity is greater than the corresponding difference be-
tween the maximum velocity and the d-c velocity, Like the velocity modu-

lation, the current modulation is also proportional to the depth of modulation,
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but it varies with the d-c gdp transit angle,first increasing and then de-
creasing. Both velocity and current expressions contain harmonics at the
exit from the first gap, but this effect is more pronounced in the expression
‘for the current,

In the first drift space, density modulation is produced in a velocity -
modulated electron beam through drift action. The beam current develops
harmonics, and the amplitudes of harmonics are proportional to the depth
of modulation. The maximum value of the fundamental current is seen to
be greater than the value of 1.16 predicted by Webber.5 The point in the
cirift space at which the maximum value of a harmonic occurs is inversely
proportional to the depth of modulation., As the depth of modulation is in-
creased, two bunches of electrons occur, one of fast electrons (Class 1)
and the other of slow electrons (Class 2). These results have been shown,
at least qualitatively, in the works of others. An additional phase angle
ﬁ;l is introduced into the current by the two independent components of
each harmonic. The velocity becomes ‘moi',,g nonlinear at the end of the

drift space {overtaking occurs), but its extreme values do not change.

2. Computer Solutions

The multivalued nature of transit times and the occurrence of over -
taking make it impossible to derive explicit analytical formulas for the
velocity and the current of the electron beam at the second gap and beyond;
thus one is limited to graphic analysis, i.e., the digital computer solutions.
One salient point in the formulation of the computer problems is consideration
of the components instead of the total contributions of current from the in-
crements of wtc time, This causes all the time derivatives to be single-

valued.
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The graphic analysis revealed that one cannot easily predict the
operating parameters for a catcher-gap without calculating the kinetic
energies at the entrance of the gap and at the exit from it. It was seen
that the electron beam debunches as the operating parameters are adjusted
for maximum energy extraction. This is also shown by Webl:)er.l3 Opti -
mum operating parameters for the catcher-gap of a two-cavity klystron
were found to be egz = w/2 radians, r,= -m/4 radian. The maximum
efficiency was 23.995 per cent for dl = 0.8 and a, = 1.0 with the selected
initial conditions of egl = 1,75 radians and 6;01 = 27 radians.

The operating parameters for a velocity-filter gap used as the second
gap were easily predicted ‘by the decrease in the maximum velocity at the

exit from the gap. The optimum values were found to be 6__ = 7n/4 radians

g2
and T, = -m/2 radians. This gap, which is a rather long gap, showed
interaction with the fast electrons (Class 1). The electron beam became
more bunched in passing through the gap.

Even with the velocity-filter gap as a third gap in combination with
the two-cavity klystron, Class 3 electrons showed undesirable behavior.
This was a result of their being at the same velocity as Class 1 electrons
and almost half a cycle apart from them, The drifting of the electron beam
in the second drift space, therefore, did not alter their relative positions
with respect to each other, Conséquently, in the third gap, with the known
operating parameters for the velocity-filter gap, Class 3 electrons were
accelerated while Class 1 elect‘ro.ns‘wer'e decelerated. This resulted in a
greater maximum velocity at the exit from the third gap than that at the exit

from the catcher-gap. It was shown, however, that the inclusion of the

velocity-filter gap was an improvement so far as the intensities of the X-ray
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radiation transmitted through a given shield were concerned (see Table II),
since the amount of charée of Class 1 electrons was very much larger than
that of Class 3 electrons. To obtain the greatest decrease in the velocity
of Class 1 electrons, the optimum second drift length was found to be

902 = 9n/4 radians. Under these operating conditions, an efficiency of

5.368 per cent was obtained for a, = 1.0, Thus it was demonstrated that

3
the idea of interaction of a r-f gap with a group of bunched electrons

having a specific velocity-class is feasible.

B. RECOMMENDATIONS

The corubination of the two-cavity klystron and the velocity-filter
gap partly solves the problem of X-ray radiation resulting from the accelera-
tion of Class 3 electrons. - Since their velocities are greater than those of
Class 1 electrons at the exit from the third gap, the relative positions of
these classes will alter in a third drift space.. In fact, an additional optimum
drift sl;ace can be introduced such that Class 1 electrons and Class 3 elec-
trons come to the same phase. Inclusion of an additional velocity-filter
gap at the end of this optimum drift space obviously will further decrease
the velocity of this new group of electrons and hence the X-ray radiation.

A number of alternating drift spaces and velocity-filter gaps may completely
reduce the radiation to safe levels,

The acceleration of Class 3 electrons can be avoided by tuning the
velocity-filter gap to the second harmonic of the beam current. The phase
of-th'e induced voltage across the gap can be adjusted such that the r-f
field interacts with both Class 1 electrons and Class 3 electrons in the

decelerating half cycle,
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Experimental verification of the results obtained in the analysis of

this report can be made on a device such as the dynamic beam tester.'7 Al-

though there will be discrepancies between experimental and analirtical re-
sults because of the limitations of the model, qualitative agreement between
the two is expected.

The model used in the above analysis was a simple one, The same
kind of analysis can be- applied to a model that has gridless gaps, finite

size, and that is modified for space charge.
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ABSTRACT

This report describes the study of a particular radio-frequency inter-
ference problem. The objective of this work is to develop and verify by ex-
perin{ment a design technique for a high-power klystron with reduced harmonic
output,

The work has three aspects: (1} an approach for a solution to a r-f
compatibility problem, (2) the test system, and (3) measurements of spuri-
ous-output signals. The approach followed to develop the design information
is obtained by considering the higher-order modes present in the output cavity
and placing these mode resonances systematically at optimum frequencies.
The test system is constructed from a high-power radar transmitter trans-
mission line and includes a sampling system with a higher-order mode.
Measurements will be miade on the second, third, and fourth harmonics of an
unmodified and a modified klystron to determine the effectiveness of reducing

the harmonically related spurious-output signals experimentally.
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I. INTRODUCTION

The problems arising from radio-frequency interference in a micro-
wave electromagnetic environment are manifold. These problems m.;s.y ren-
der entire systerns inoperative, produce erroneous system results, and
reduce the number of systems that can be used, since each system occupies

so much of the electromagnetic spectrum.

A. Description of the Radio-Frequency Compatibility Problem

Radio-frequency compatibility arises from a characteristic of electro- .
magnetic signals; that is, each time a wanted signal is generated, an infinite
set of unwanted or spurious signals is also generated. This interference is
compounded, since each signal (desired or spurious) can mix with every
other signal (desired or spurious) in any nonlinear device to produce other
sets of spurious energy, etc. Obviously, if most of the signals in these
infinite sets of spu jous outputs did not have zero amplitude, the useful elec-
tromagnetic spectrum would be even more limited than it is today. The re-
sultant of all of these signals, termed "noise, " is observed as part of the
ambient noise level of the electromagnetic environment. The products,
which are referred to as spurious output signals, are those signals whose'
amplitude is well above the "noise floor." These are the signals which
cause most of the problems, because they are the strongest, and they are
often‘overlooked during the design stage of any system.

A classic example of radio-frequency compatibility is reported by

1

Campbell.” He describes interference in a radar-to-communication system.
In this type of system it is entirely possible that a spurious signal from the

radar will be much greater than the transmitted fundamental or carrier-




frequency signal of the communication system, Radar systems have spurious
output signals that will interfere not only with communications systems but
also with other radar systems. Considerable effort has gone into programs
designed to predict the level and type of radio-frequency compatibility that

. . . . 2
may be expected in a given electromagnetic environment,

B. Need for Solution to R-F Interference Problem

As higher-power emitters of radio-frequency energy are developed
and as receivers are designed to be more sensitive, the problems of radio-
frequency compatibility become more pronounced. If these problems were
solved, there would be room within the electromagnetic spectrum for larger
numbers of operational systems,

As the higher powers desired in output signals are achieved, the level
of the unwanted signals increases. There is, therefore, a greallt’er need to
solve problems of radio-frequency interference in order to protect the lower-
power systems of today. The solution of such problems requires both ex-

tensive and high-level engineering effort.

II. APPROACH FOR A SOLUTION TO A
R-F COMPATIBILITY PROBLEM

Progress toward solving an environmental problem such as radio fre-
quency compatibility is made only by pursuing realistic parts of the over-all
problem., There are high-power multicavity pulsed klystrons operating today
within the microwave region of the electromagnetic spectrum which generate

spurious output signals. The major spurious signals emitted from such klys-




trons are harmonically related to the fundamental or desired output signal of
the klystron. It has been found that the variations in the level of the spuri-~
ous output signals from klystrons which differ only in serial number® are
approximately equal to the variations »in spurious signal level found between
tubes which differ in model number.z

The speciﬁc problem chosen, then, is the reduction of harmonically
related spurious output signals in high-power klystrons. Harmonics of the
fundamental signal are generated by velocity modulation, by which the klys-
tron operates. There are harmonic signals present on the klystron's elec-
tron beam as it interacts with the output cavity of the klystron, regardless
of whether the total input signal includes harmonics of the desired input

frequency.3 (Klystrons have been used as frequency multipliers.)

There are two approaches to the problems caused by spurious outputs.

One method is to suppress the spurious outputs after they have been gener-
ated in a nonlinear device and then coupled into the system's transmission
line. Theoretically this can be done by filters. From the system engineer's
viewpoint, this is a very inefficient method of solving the problem, since the
addition of filters gives no new information about the operating mechanism of
a kiystron. Therefore this method does not make for progress in klystron
development. The other method is to improve the design procedure for the
devices that generate or amplify microwave signals. In doing this, the de-
sign procedure must be improved to treat the generation of s;)urious outputs

as well a5 the fundamental output in a high-power microwave tube that would

—
They are of the same type and model number.
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normally be used as the final or pov;rer-ampli:fier stage of a high-po\;ver
microwave radar transmitter. The work reported here deals with this
design procedure and is essentially a continuation of the work started bvy
L. A, MacKenziq.4

In approaching the spurious output problem for microwave tubes one

can study either the active portion, or electron beam;or the passive portion, or

tube circuitry. This work approaches the problem from the passive stand-
point, although it is recognized that the active portion of the klystron under
study cannct be ignored. It is possible to design a model of the cavity with
its associated coupling mechanism mathématically. Thus, it is possible to
design control of the spﬁrious output signals in the cavity, even though it is
heavily loaded. This can be done because the impedance developed across
the interaction gap of the doubly re-entrant cavity can be considered as a
function of frequency. The cavity analysis technique used in this study is
thér normal mode expansion of the given boundary-value problem, where both
the wave equation and Maxwell's equations are to be satisfied.

A The design of klystron output cavities by the procedure that permits
analysis of effects removed frgf‘n the fundamental musf be done by a method
that does not make so many approximations that higher-order effects are
eliminated from the equations for cavity design. Boundary conditions will
be expressed as infinite series,where necessary in the sblution of this
boundary value problem.

The structure to be considered for this initial study (Figure 1) is a
typical re-entrant, gridless-gap klystron cavity with an axially symmetric,
output-coupling iris that feeds a coaxial line. The structure will be con-

sidered to be lossless.
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Figure 1. Co-ordinate System of Cavity with
Symmetrical Coupling Iris.
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The modal solution of the structure shown in Figure 1 for symmet-
rical modes may be expressed by TMonm field components, where the "o"
subscript indicates symmetry in the 6 direction. As a first step in the
solution of this boundary value problem, a field will be assumed at the inter~

action gap (Figure 2) and also at the coupling iris (Figure 3) of the cavity:

d
0 cgz<l-3%
E, ={EJd* 1.8 <z<1+% (1)
r-a o
0 1+5 <2 <L
rO a <
r £ c
E (2)
I jwt
B =<;_°eJ c <r <h
z=L r
LO h<r<ghb

where Ez ~and Er are shown graphically in Figures 2 and 3 respectively.
) o

In order that the desired signal produced by the interaction of the
active {electron beam) portion and the passive (tube circuitry) portion of the
microwave ;:ube be capable of reaching the system load (antenna), neither
Ez’ nor E_  can be identically zero. Thus for a symmetrical mode to be
calpable of transferring a useful signal from the electron beam of the klystron
to the system load, the mode must be of the TM type not of the TE type.

If a mode of the TMOn type is considered, where it is known that

m.

neither E nor E_ are zero for the TM modes, then the field com-
7. T onm

ponent equations are:




we

o
1]

H =0 ,
z

where

2 _ .2 2
) ﬁzlz{ Y
zl =) B,Z ’
) /2
= ju(pe) /

6 jT[Am Jl (kr) + Bm-N1 (kr)] cos Bzz e

/

Jwt

(3)

(4)

(5)

(6)

(7

(9)

The E-field boundary conditions that must be met by this structure are

= 0
r
Z=0
0 a
EI'
< o eqwt
T
0 h
\
= b =0
z
iI'

(10)

(2)

(11)




0 0Sz<l--2-
E, -¢E U 1S <1+ S L
r=a. [o]
0 L+ <zgL

For convenience in matching these boundary conditions, the structure
as shown in Figure 1 will be divided into two cavities. The resultant field
component equations for each of the cavities will then be added to give the
field solution of the original cavity. Since the principle of superposition is
valid for Maxwell's equations, it is possible (but certainly not necessary),
to follow this convenient procedure. The two cavities to be studied in this
manner are shown in Figures 4 and 5.

The admittance functions of the interaction gap and the coupling gap
can be combined to form a set of two equations with two unknowns. Solutions
to this set of équations will yield the mode resonance frequency for the axially
symmetric modes. The first zero or solution to this sef of equations will be
the desired fundamental mode resonance.

It should be pointed out that this analysis has assumed that the drift
tube of the interaction gap is of zero thickness aﬁd that the top plate of the
cavity, which contains the coupling gap, is also of zero thickness. The
transmission line effects of a finitely thick drift tube and a top plate of the
cavity have not been considered. They have been omitted because the amount
of phase shift introduced by them is very small at the mode resonances of
immediate interest. The usual normal mode expansion of the field compon-
ents of the cavity leads to a determination of the cavity admittances at the
interaction gap (electron beam to cavity) and the coupling gap (cavity to output

transmission line).

e et e . Sy~ e i
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The total admittance function is:
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lII. TEST SYSTEM

The test of any analytical sclution lies in experimental verification
of the method or technique used. Experixﬁental verification of a sclution
to the. problem discussed here consists of a test set for measuring spurious-
output sign.als‘ and the support system required to drive the device under

test, -

A. Requirements for Test System
The measurement test set must permit measurements to be made

under actual operating conditions, specifically at full power, for extrapola-

-12-



tions from reduced power may be of no value. The support system includes
a high-power modulator, a r-f signal source, a r-f driver, the necessary
protective circuits, and so forth. The entire support system must be de-

signed so that the results obtained may be traced to the device under test.

B. Test System for High-Power Klystron

The construction of the new output structure has been centered around
the four-cavity Varian VA-87 klystron. This klystron operates between 2.8 -
2.9 Gc/s with a peak power output at the fundamental of 2 Mw, at a beam
voltage of 115 kv and 1.3 Mw at 90 kv.

The new output structure, shown in Figure 6, consists of a new out-
put cavity, coaxial output transmission line, and a transition from the co-
axial line to the normal S-band waveguide. A high-vacuurm ball v;lve has
been placed in the drift space between the output cavity and the third cavity.
This valve permits the change of the output structure without letting the elect-
ron gun down to atmospheric pressure. This tube does have an oxide-coated
cathode.

Thus, the test instrument consists of the electron gun, the input cav-
ity, the second cavity, and the th'ird cavity, which form a hot-test system.
This test instrument is capable of being used to test the performance of any
output structure under the meaningful conditions of full-rated power. In ad-
dition to the modifications made to the VA-87 at the output end of the tube, it

was also necessary to remove the electron gun and add a flange in the gun

.region in order that the cathode could be recoated as required. Also a vac-

uum pump connection has been made to the electron gun. The test tube is

continuously pumped from both the electron gun and output structure while

-13-
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tests are performed. The photograph of the test instrument portion of the
tube shown in Figure 7 was taken during construction.

The high-voltage power supply required to supply the beam voltage
to the VA-87 is assembled from an AN/FPS-6 power supply and modula-
tor. This unit with the pulse transformer supplies a 2-microsecond pulse
to the VA-87. The beam voltage is continuously variable from 0 - 115 kv,
The pulse repetition rate is continuously variéble from 200 -500 pps.

The r-f oscillator and driver are respectively a lighthouse tube in a
cavity (part of the AN/TS-155E/UP signal generator) and a small three-
cavity c-w space-charge-focused klystron (Sperry SAS-60). The r-f in-
put drive level to the VA-87 is continuously variable from Ow to 6w peak,
Optimum drive level is approximately 2,.5w peak. The signal generator
unit contains the system trigger. In this system it is possible to have (1) the
r-f signal pulse centered inside the beam voltage pulse, (2) the r-f signal
pulse and beam voltage pulse the same, and (3) the beam voltage pulse cen-
tered inside the r-f signal pulse,

Even after the design and fabrication of the output structure and the
construction of support system required for the VA-87, this test system for
spurious-output signals is by no means complete. The signal sampling sys-
tem remains to be considered.

The signal sampling system must be capable of measuring signals
that are 20 or more decibels below the fundamental signal and far removed
from the fundamental. These signalé are at two, three, and four timeé the
fundamental signal (fo) , and are therefore propagated in the S-band wave
guide outside of the usual frequency range. This means that these signals
will propagate in more than one mode and that problems of the various coup-

ling coefficients to the various mode rust be solved.

-15-
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Figure 8. Signal-sampling Device,

The resulting spurious-output test facility is an unusually versatile
system and certainly capable of measuring the entire output of any high-
power S-band output structure placed on the VA-87 test vehicle. A block

diagram of the test facility is shown in Figure 9.

IV. MEASUREMENTS OF SPURIOUS-
OUTPUT SIGNALS PLANNED =

The second, third, and fourth harmonics of the fundamental signal
will be measured on two different VA-87 tubes. The first or "before" tube
is just as it comes from the manufacturer, i.e., no modifications. The
second or "after" tube is the VA-87 modified to serve as test instrument.
Only one output structure will be b1;1ilt and tested during this study. Future
programs could use this test facility to study other output structures. The
comparison of the spurious-output signals measured on the "before" and

"after" tubes of this study will present a direct measure of the improvement

in the reduction of spurious-output signal levels that results from the use of

this cavity design technique.

-17 -




Measurements are now in progress. This program will give specific
results obtained for the second, third, and fourth harmonics for the unmodi-
fied or "before" VA-87 and the modified or "after" VA-87. These signals
yvil‘l be measured as a function of r-f input signal power level, r-f input
sign;a;l frequency, and beam voltage of the VA-87, A report of these results
will be published at the conclusion of the measurements. The report will

also include details of cavity design.
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